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1. Isogeometrice Analysis method 

2. Knot spans 

3. Control point 
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4. B-Spline 

5. Non-Uniform Rational 

6. Patch 

 [
 D

O
I:

 1
0.

22
03

4/
23

.2
.6

 ]
 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
25

-0
7-

19
 ]

 

                             3 / 16

http://dx.doi.org/10.22034/23.2.6
https://mcej.modares.ac.ir/article-16-61220-en.html


 ��� ����	
 ��
 ����
 � ���	�� ����
 �������  �
��	���� �!�" #��                                                  $"��%&' � ���'�( ��) 

)6( 

0

0

x

y

y x

 
 
 
 

   
  
   

L  

�σ ,u  �b  ,��
 -�'�"�	
 X�
	
 �
�
�P���P  -�'�	�1 �

�� �&/6 .3�(�
t   -�� 43( J��H
 ��B 8" ���2 -�'�	�1

�H��a 8	�t �û �
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Fig. 1. Boundary conditions of a two-dimensional problem 
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Fig. 2. Elements made by NURBS-shaped nodes and transfer 

mapping from  ,r s coordinate system to normal coordinate 

system [4]. 
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Fig. 3. The geometrical and boundary conditions of cantilever 
beam [31]. 
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 %&�51. ]��K0� �23�' � T"�� �����  	�
��	2.�"�	�5  
Properties of materials Geometric Properties 

Modulus of elasticity 
E=210 GPa                    

Beam length  
L=1000 mm 

Poisson coefficient 
ν=0.3                               

Dimensions of beam cross 
section  
h=100 mm  b=50 mm 

Yield stress  
Y=0.24 GPa 

The total number of control 
points  
ntcpt=255 

Centralized force  
P=30 KN               

Number of patches  
npatches=1 

Table 1. Geometric properties and properties of cantilever 
beam materials. 
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Number of load 

increases  
30  

Convergence 
criterion  

force  

Allowable erorr  3
1 10
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Method of solution  Tangential 

 � Stiffness  

Incremental 
loading method  

Load change 
control  

Table 2. Elasto plastic analysis  

  
67�-����0* �� +�-84 :  

:W��"� ��27. �����
 �6 N�2"	
  

�� 8��� �1��8 ��D��27B �. ��( � = �" =
#$%&'(

)*
.3(�
  

67�-1- :+�1-8: '1)� ;��� 

)27( ( )

( )

( )

*

*

*

x

x

x

y

y

c y y
y y

y y c

 

 

    
 

  

 

  

)38( ( )

( )

( )

*

*

*

0

0

x

x

x

c y y
y y

y y c





    
 

  

 

  

$� �� �.c� ���� ��
 M�U
�" : 
( )

*

x
y ������27B�����2^" 8	� :

.=2"  
67�-2- :+�1-<� '1)� ;��� 

-"	
 
( ) ( )

* *

x x
y y y   ��
 S�8�
   S�8�
 ]���g �


) �� 
"� W�����D
 ��
 8" ���27 ��
 S�8�
 � (   �
  !�1

) ��
"� ]��g39:=2" (  

  

)39( 

( )

*

x

y

y

y
 

 
 
 
 

 

   

)40( 
 

*
( )

3

4
x

F

b y
  

� �� ���27B��2^" 8	� �"3Y� ^�
 L
"�*

( )xy  ��
"� ]��g �


)41:=2" 43( ��2��� (  

  

)41( * 2

( )

( ) 2( )
3 3x

y

F L x L x
y c c

b  

  
    

  
 

  

 $� �� �. ��
"� 8" � ���2^" ��6�1 4	�D5 _�a 
22

3

ybc

F


  .=2" ��2��� �
�G  

  

 ���4 . 	�
 �� ���2^" � ���27B �6"�1�� 	�
�"�	�5	2]29[.  

 
Fig. 4. Plastic and elastic zone of the cantilever beam [29]. 
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Fig. 5. 
XY cantilever beam Effective Plastic Strain. 
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Fig.6. XY cantilever beam induced by exact analysis. 
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Fig. 7. XY cantilever beam induced by isogeometric analysis. 
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Fig. 8. 

XY cantilever beam induced by recovered analysis. 
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Fig. 9. Comparison of the matching exact and recovered  

XX stresses in cantilever beam. 
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Fig. 10. Comparison of the matching exact, recovered 

and isogeometric 
XY stresses in cantilever beam. 
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Fig. 11. Two-dimensional distribution of exact error norm in 

cantilever beam for first-order form functions. 
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Fig. 12. Two-dimensional distribution of approximate error norm 

in cantilever beam for first-order form functions. 
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Fig. 13. Thick-walled cylinder under internal pressure [34]. 
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Properties of materials Geometric Properties 

Modulus of elasticity 
E=210 GPa                    

Internal radius 
ra=100 mm 

Poisson coefficient 
ν=0.3                               

External radius 
rb=200 mm 

Yield stress  
Y=0.24 GPa 

The total number of 
control points  
ntcpt=399 

Force applied pressure 
P=0.18 GPa 

Number of patches  
npatches=1 

Table 3. Geometric properties and properties of thick-walled 
cylindrical materials. 
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Fig. 14. The plastic and elastic areas in Problem 2 [35].  
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Fig. 15. Display thick cylinder wall Effective Plastic Strain. 
  

 ���16 D,��� .  ���0*).����. ��FG �2� /0* H�IJ ���5 '���1-�

(L�M.  

  
Fig. 16. Display   of thick cylinder wall under the effect of 

internal pressure. (Exact analysis) 
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Fig. 17. Display   of thick cylinder wall under the effect of 

internal pressure. (Analysis by isogeometric method) 
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Fig. 18. Display   of thick cylinder wall under the effect of 

internal pressure. (Recovered analysis) 
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Fig. 19. Display r  of thick cylinder wall under the effect of 

internal pressure. (Exact analysis) 
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Fig. 20. Display r  of thick cylinder wall under the effect of 

internal pressure. (Analysis by isogeometric method) 
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Fig. 21. Display r  of thick cylinder wall under the effect of 

internal pressure. (Recovered analysis) 
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Fig. 22. Comparison of the matching exact, recovered and 

isogeometric radial ( r ) stresses in thick-walled cylinder. 
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Fig. 23. Two-dimensional norm distribution of exact error in 

thick-walled cylinder. 
  

 ���24�"3P �1"��2" �� ���	Y
 -��� C	1 -3H
�� S�8�
 .W�KQ.  

  
Fig. 24. Two-dimensional norm approximate error distribution 
in thick-walled cylinder. 
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Abstract:  

Along with the growth of science and technology and with the problems becoming more complex and the need 
to solve them faster and more accurately, researchers always tried to develop numerical methods in addition 
to developing the basics of science. In this direction, several methods have been invented by researchers, 
among the most important of which, we can mention the nonlinear isogeometric method based on non-uniform 
relative B-splines. In the nonlinear isogeometric method, while using the properties of the spline and NURBS 
basis functions in the precise definition of curves and surfaces, they are also used for interpolation and 
approximation. The use of all the capacity of the structure in bearing the load causes the nonlinear behavior of 
the structure, which is caused by the inappropriate performance of the structure's geometry, the weakness of 
the structure's materials, and the failure caused by the combination of the two previous situations. And in this 
research, the nonlinearity caused by the weakness of the materials has been taken into consideration. Also, in 
solving the nonlinear equilibrium equations, an incremental and repetitive load process has been used until the 
maximum convergence is achieved. Also, due to the existence of errors in the numerical analyzes and 
researchers' concerns about the reliability of the results, in this research, compared to the error estimation based 
on the stress recovery method based on the points where the order of convergence of the gradient of a function 
is one order of the value obtained from the approximation of the shape function related to The expected 
approximate solution is higher (superconvergent points) are discussed. In this way, taking into account the 
difference between the recovered stress level and the stress level obtained from nonlinear isogeometric analysis 
for each element, a standard has been approximately determined to determine the amount of error in that 
element. All the correlations of the research and the linearization of the equations have been done using a 
numerical algorithm with the help of programming in the Fortran software environment, and the results of the 
analysis have been compared with its classical solution for validation. The results have shown an acceptable 
numerical and distribution similarity; Therefore, it can be said that the analysis performed by the program has 
a suitable efficiency for nonlinear analysis of problems. Also, the used error estimation method can be called 
a simple and engineering solution to estimate the error and improve the stress field obtained from the 
elastoplastic analysis of problems using the isogeometric method. 

 
Keywords:Nonlinear Isogeometric Method, Error Estimation, Stress Recovery Method, Superconvergent 
Points, Improve The Stress Field.  
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