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Fig. 1. Stevin’s drawings on force equilibria [3]  
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Fig. 2. Load analysis using funicular diagrams and closed 

polygons [5] 
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Fig. 3. The process of introduction and evolution of Graphic 

statics 
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Fig. 4. Form and force diagrams in Graphic statics drawing by Bow’s method [11] 
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Fig. 5. Complete force diagram and calculating the internal force of all elements of the truss [23]  
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Fig. 6. Overview of the algorithm coded in the grasshopper 3d plugin to generate a parametric two-way relational form and force 

diagram for the Warren arched truss 
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Fig. 8. Graphical process of form and force diagram drawing algorithm of Warren arched truss for Graphic statics method 
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Fig. 9. Changes made in the force diagram and redraw the form diagram corresponding to the changes 
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Table. 1. Comparison of internal forces of sample truss elements based on graphic statics and finite element methods 

 

 [
 D

O
I:

 D
O

I:
 1

0.
22

03
4/

22
.3

.2
41

 ]
 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
24

-1
0-

20
 ]

 

                             9 / 15

http://dx.doi.org/DOI: 10.22034/22.3.241
https://mcej.modares.ac.ir/article-16-58799-fa.html


  * +��,-.��) �
�� /�-0��1 ��.* ����)�� +�!�,�. +��.�2 3�45!                                                                 ��������.��67� *  

250 

 

 /*�H2. +

2��� �	�"	 ��<
� ?$� �� �

* 0(����
 0(&

2 / ! �
 -D�E �� 
(	   ��
& ���  
Force Diagram                     Form Diagram Type of Truss 

    

Model (1) 

    

Model (2) 

    

Model (3) 

Table. 2. Form and force diagrams related to Graphic statics method for sample truss 
 

�A��6� �
  $^ !� -D�E �
$B
?   )1(  ��  �' ��"	 ��(* �
��
  0(����
 0(&

2 / ! -(.,� F���	 ��(� J���
 V.f� !$=

���	
*  	�A��    !�(A* � $,� ��";
 / ! �* �W�*
� 0�
��
!�<
  �(G�	 7�
�$��� ���	 
�
 4�
 .    ����	 8��!��;
 �S�* 7=�

  �� Z< 4�
 !� 0(����
 0(&

2 / ! �

* �$� 7�
  . +�S

*  ��	
* �' 7�
 
'q��  �	 �&
 !� �$� ����	  >
2  ����� 
<��
  0�
��
!�< �
%� ! 
*  7(.*�= �*   
(	   +
& !
��"	  � 
� $(;��

*    ���*  ���  ��E
!��$��  
�  �
��    ����<
�  �
  ��
�);�
 ���=  +
& �� ����  �
��  �!
  �K.K� ��<
� 
* �����     5�	 
� �*

 
! �!
H2!�*�(���� !� �' ��"	 -(.,�   ���� �;�6� 4  
b�E  

 [
 D

O
I:

 D
O

I:
 1

0.
22

03
4/

22
.3

.2
41

 ]
 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
24

-1
0-

20
 ]

 

                            10 / 15

http://dx.doi.org/DOI: 10.22034/22.3.241
https://mcej.modares.ac.ir/article-16-58799-fa.html


 0748 94:-–            ;��- �.�78 0��<�- 0=�*>)                                                                  ?��7� /@*� * �A�B ?�*�3� / /�1401  

251 

 

���� 
!
 �*o �	�"	 �� ����!� �

*������ �$�A* .7�
 �$�    

 �;�6�  !�  ?$�  
b�E  0(&

2  -(.,�    0�
��
!�<  ����
���=  �!
  ����<
�  0(����
    .7�
  ��&
2  I!�D
  �*  4�

  �' R(�
�+
& ��%�
 
@	 �!�� ����<
� 5
�	
 0�
��
!�< �*��
0� �
 
!  -(.,�   ���� �%(����
  0(����
 0(&

2 / ! �* ��

 � 
(	    +
& ���!
��"	  ����"� �
��3� ���"	  7(.*�=  �*
 �� .7�
 �$� +�C	
 
��� ��� �
 
! ��  
  

5- %(�7. �.��  

��(�*�.= !� ����    -(.,� ��E

W �!

%� ���$���
& 7("�

8�G  7&
�(<  �*  .7�
  ��&
2  !

=  $(;��     ��	
�  4�
  
(2

��(�*���E !� �*��  ���� �E

W �$� �!
  �(	  �!�"#�   �

��(�*  $���
&  !�  .7�
����  ���� ̀ ��  ��
  ��T"�  ����

  !

=  �^��  �!��  �!
�"�  �.=
$E  ��    �
K'
$E  I �6�
 7�
  ��&
2  [24]��(�*  �

*  .  �
  ����(b��!  d*
��  ����

/ !��  ���:��
  �
�^    �.(.,�  ���/ !  4�
  .���  ��  �*
���!� ��^    �� !� �S�* 7=�  
  ��"b   �$(T(< d*
�� �* ��^

�"	 -"B ���!� �*  4�����^ �� ! �
��B �*  4�

*��*  .$��'
��8��!��;
 �
 �
�� �"	 ���:��
 �.��%� ���  �[25] +���� !� .

��(�*  ��("' ���(�(* �.' 7;�E �� �
!
� J
$�
 sS�"#� ��*��
t�� ��$B �* �$� 0���	 ��      ��!�D !� .$��A� 
!
� 
!

���� �
 
@	 �!�� d*
�� �'    ���(b��! {)�� d*
��  d*
�� ��
��  �$���*  U�
DV���  / !  �
  ���:��
  �*  �
���
(2�   c�6	

��  ��A	  8�
�A'
  $�G  d*
��  4�&��  sS�"#�  ��
  .7&��  
!  ��
�."^  
(�  �!�'  ��E

W  �*  _��
�  mE���  !�  
@	  �!��  �


  4%"� 7�

  �*  .d*
��  �	�����  ��  ��"b    $���2
��(*    �

�� 7�$* 0("��!��;
 $���
& 0� V�
W  �' �#=
�� !� .$���

�f6	    $���*  ��^��  -6�A�  ���
(Y��    8��!��;
   8���
�� 
v����  -6�A� ���
(Y��8��!��;
  �
  �$��*  ��  �.��%�  ���

�� ���:��
  .���  
8��!��;
  ?��  !�  �.��%�  ���1960   I�6(6,�  �C(�	

��
 �!�� !� Q
��T�!
�Z�
��* �.��%� ���  4�
 .8��!��;
 �� 

��(�*   ��$��� �

* �� !���< �� !� �' $��A� �*��  �* ��
���< �
 �%��
 ��^  !� �$	�� ����� ��
$�*
 ���+����  
&�  �$��

��
�
 !� �'  ��
@	    -��%� ��� !
�  e
f�  ��$�  $�!  ��$�*�� .
8��!��;
  �%��.�  �%�  �
  ���$��  �.D
  !�  I����,�   +��;
  

��&
2 �
  7#(�W��A� $[26, 27] .  
8��!��;
  4�
��
*!�'
<  �
  �%� ��(��  !�  �.��%�  ���  

��(�*  ��*�� 0(�	u 8��!��;
    �� !� �' 7�
  �E

W ���
(Y��
���! �.(�  �*?�W �* ����  
(Y�� �� 7*�X ���*  �  +�	 + ��� 
'  

(�
&)  ���! 
� �� �!
H2��!  .$	��
�  ���!  0�  �f6	   ���<  
  
@	  �!��  ��P&  !�  �E

W  ���
(Y��  -���  �'  7�
 �

* 

�� ���	 
! �C�A^��  $[28].  ��
�
 !�  �;�6�  A� �
b�E w  �.
��(�*���� �*����("' !
$6�  4((#�  J$� �*  �
    ����<
� �� 

  �
  �<
�  
�  ��  .7�
  ��&
2  !

=  ��!
*  �!��  
@	  �!��
��";
 0� 0� ��  5�"C��� -D�E �� ���  �
& �* .���

��";
 0� 0� �

* 7*�X �;��G�f*
! �
 �<
� ��  ���) �1 (
�� 7�$*.$��  

)1 (  � =  � �
�

��� �
= � 	�  
�

�

���
=  	 � �� ×  
�

�

���
 

���� ��";
 
� !� ��� !
$6� �&
W �
 �f*
! �
 ���:��
 �* �
  
)2�� ����,� (��� .  

)2 (  � = �
�              ↔       � = �

�  
��^ �*) _*
 ! �!
H21   2 :7�
� 8(�
�� (  

)3 (  � = 	 � ��
��

×  
�

�

���
    

  �f*
! 4�
 !���   +

2��� !� �<
� �PB 
� �.�
� � 
(	 !
$6�
    �� 
(	
�  �<
� ��
& +

2��� �
 �PB 
� ?�W 7�
 .  

��";
 �

* ��C� ���   �;��G �

* 7*�X 
���6� �
& �*  ���
) �f*
!3 8CE �* I!��B 4�
 �
 �' $� $�
�� 
�� I!�D �* (

����  ��.' �
Total Structural Volume�� 
(�#� ����  [29] :  
)4 (  � �� ×  
�

�

���
    

��(�*  �

*
(Y��  �J$�  d*��  4�
  �*��   �(�  5�:�!
  -6�A�
>�=�$��� -(%�� �.D
 ���    .��* $�
�� ���= �!
  ��<
�

 [
 D

O
I:

 D
O

I:
 1

0.
22

03
4/

22
.3

.2
41

 ]
 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
24

-1
0-

20
 ]

 

                            11 / 15

http://dx.doi.org/DOI: 10.22034/22.3.241
https://mcej.modares.ac.ir/article-16-58799-fa.html


  * +��,-.��) �
�� /�-0��1 ��.* ����)�� +�!�,�. +��.�2 3�45!                                                                 ��������.��67� *  

252 

 

��$��  ���"�  ���&
2  I!�D �A��	$'  !�  �'  

G   
*  �<
�
�(�� �

* .7�
 ��&
2 I!�D -6�A� 
(Y�� 4�
 �����  ����

��(�*<S�2  4(2�<  �
  �0(�	u  8��!��;
  �*  �*��  !�  >�2�
>
2  �* ���"B ���!�* 7,� !�'H� ��<
� .$� ���:��
 
<��

  �b
&
���6�5  �	���   ����(	  �b
& �5  ?$� �
��  ���� $�  
  7�H2 �*  150    ���(�* ���< !� .$�� 7�$* ��("' 7;�E �-A	

  ?��#� ��(� S�* >�=   7)� I!�D �* 4(��< >�=2    
��
!
� 
!��A��6� �

* .      -�= !�'H� ��<
� 7;�E � 
� 
��*

��(�* �
 $#*  -%� !� ��*��)10(  +

2���  7"� !� ��
& ���
+

2���   zG �$� ��
� ���	 7�
! 7"� !� �� 
(	  ���

  ��<
� � ! �%�� 1	! �* ��(�* ���= �!
  ��<
� .7�

  {)�� 1	! 8' �*� 1	! �* ��(�* 
(�  �$�  �
& �* .7�


U;�3�  	 �S�&  �;��G �* ���<
� ��PB
 �

* ��
7850��
��  �

  ��C� �����
���  1440    �
�
 �*���� = 0.6��  8CE J$� d*�� �

�����.' �
    ��(�*  7;�E !� �<
�999 /251   
(� 7;�E !�  
  ��(�*464 /350   ���' 
�	�(*  
�
  4�
  .$��  7�$* 
�� 4��(	

09 /28  �$D!� �C(�	  !�    J$�  d*��     �
  p<  �<
�  ��
��(�* �*�� 7�
 .  

  

 36�10. �$� �
& _�

� !� ��(�* ���= �!
  ��<
� �� 
(	   ��
& +

2���  

                        
Fig. 10. Form and force diagram of optimized Warren Arc truss under  

 

6-  %9��3 �
��  

    ���� ��(��  !�  �&�'  ���B�W
  4��
�  +
&  0� �E

W !�
��	��G   7�
 +�S �� 
(	 ���
^  0(����
 0(&

2 .� ! �  

����,�  �

*  �� 
(	  �  0"'  �*  ��$��  8(�
�  �*  �'  7�

+
	 !��v  0�
��
!�< ���!
�&
��  �

* ������ 4�����^ $	
��

/ !�$(T(<   7)� ���  �* 4�

* � �B .$��* ������,� �
  -(;�  ��%�
�&
W   �  I

((Y�  ��C�
     +
&  ���!
��"	  !�

0(����
 0(&

2 �� 
(	 ���' �* ����"� +
& ?
��' ���	
�� �
���
 �.�
� ����� 
A(� �(	 �PB��� �$� +�C	
 �� Z< !� .
 ?$�����    0(����
  0(&

2  -(.,�    0�
��
!�<�	�"	  ���

+
&   ����  �
 �
���!
  ���= ��<
�  ���(<  ����  .7�
 �$�
  4(�T"��(������  / !  F���	  �*  ��&
2  I!�D  ��� ��";


� $,�    �A��6�$�.  / !  ��(�  �A��6�    ��!
*  �*  ���
 2$E �� $,� ��";
   0(����
 0(&

  � 4�
 ��(� J���
 
K'


  / !2 /1%  *  �  .$�� 7���	�"	 !� �*���!
 F���	 �*��� ���
;
 �S�* ���!�'   7=�  8��!��  ���	
*    �

* �$� ����	  -(.,�

 0(����
 0(&

2 
@	�!�� ����<
� �� V�$3� 
!$��"	.  
 

 

  

 [
 D

O
I:

 D
O

I:
 1

0.
22

03
4/

22
.3

.2
41

 ]
 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
24

-1
0-

20
 ]

 

                            12 / 15

http://dx.doi.org/DOI: 10.22034/22.3.241
https://mcej.modares.ac.ir/article-16-58799-fa.html


 0748 94:-–            ;��- �.�78 0��<�- 0=�*>)                                                                  ?��7� /@*� * �A�B ?�*�3� / /�1401  

253 

 

 �:�� ;��<= �� ���->��?�  

�
»  40"'  �(�  �� Z<    �A�l�  �(�  �
  �D��  �����
����
�  7&��!� �B�:�	

(� �� �!�C� ����"B �)* !� !
H2
��
%	  7�
«.   

 ;@�11�� ��  

 �
��B  �*  $�!
  �����!�'  ���	  ����<  �
  �
)�A�  �;�6�  4�
»  
��(�*    0�
��
!�<  �E

W  �-(.,�»����  ����  !�'�P&  ���

�%��  «0(����
  0(&

2  / !  �*  �
 7�
    ���"��
!  �*  �'
  ���
&  
�'�  ��=�  n��^    ������  
���  
�'�  ��=�  n��^

�$	��� «.7�
 ��&
2 +�C	
 ��
�� ����
 
�� ����	
� !�      
  

 A	�(� B��C� DEF�  

��  +�B
  (��2$�A��	)�$�A��	  �!�#�  5�	  �(�  �'  $��'

$	 ��^  �#&���! .� 

  

 A.�(�  

[1] Chilton J. & Tang G. Translated by 

Shahbazi Y., Sabaghian T. & Zaker vafayi 

N. 2021. Timber Gridshells: Architecture, 

Structure and Craft. Jahad Daneshgahi, 

Tehran. (In Persian) 

[2] Stevin, S. Dijksterhuis E. J. (Ed.) 1955. In 

the Principal Works of Simon Stevin: 

General introduction mechanics. C. V. 

Swets & Seitlinger, vol 1. 

[3] Adriaenssens S., Block P., Veenendaal D. 

& Williams C. (Eds.) 2014. Shell 

Structures for Architecture: Form Finding 

and Optimization. Routledge.  

[4] Varignon, P. 2012. Nouvelle mécanique 

ou statique: Ouvrage posthume. Nabu 

Press, vol 3. Paris. 

[5] Rippmann M. 2016. Funicular Shell 

Design: Geometric approaches to form 

finding and fabrication of discrete 

funicular structures. Ph.D. Thesis ETH 

Zurich. 

[6] Wolfe W. 1921. Graphical analysis. 

McGraw-Hill Book Co. Inc. New York. 

[7] Sadeghian Lotf Abad Kashkou M. & 

Hosseini A. 2019. Usage of genetic 

optimization algorithm in building design 

comparison of 5 projects designed based 

on genetic algorithm. The first 

international conference and the second 

national conference on Urban Planning, 

Architecture, Civil Engineering and 

Knowledge-based Art. (In Persian) 

[8] Hassani M. 2017. Investigating the effect 

of parametric design as a processing tool 

in Architecture and Structures. Third 

annual conference on Architectural, 

Urban Planning and Urban Management 

Research. (In Persian) 

[9] Block P. 2009. Thrust network analysis: 

Exploring Three-dimensional 

Equilibrium. Ph.D. Thesis Massachusetts 

Institute of Technology. 

[10] Alic V. & Akesson D. 2017. Bi-

directional algebraic graphic statics. 

Computer-Aided Design, 93, 26-37. 

[11] Bow R. 1873  Economics of construction 

in relation to framed structures. ICE 

Publishing, London . 

[12] Konstantatou M., Acunto P.D. & 

McRobie A. 2018.  Polarities in structural 

analysis and design: n- dimensional 

graphic statics and structural 

transformations. International Journal of 

Solids and Structures, 152–153, 272–293.  

[13] Baranyai, T., 2021. The force as a 

function: Towards analytical graphic 

statics for spatial structures. arXiv 

preprint arXiv:2104.02313. 

[14] Akbarzadeh, M. and Hablicsek, M., 2021. 

Algebraic 3D graphic statics: Constrained 

areas. Computer-Aided Design, 141, 

103068. 

[15] Mozaffari, S., Hablicsek, M., 

Akbarzadeh, M. and Vogel, T., 2021. 

Developing a polyhedral graphic statics 

formulation for tetrahedral truss analysis. 

In Annual Symposium of the 

International Association for Shell and 

Spatial Structures. IASS 2021. 

[16] Millar, C., McRobie, A. and Baker, W.F., 

2021. On the large displacements of 

infinitesimal mechanisms using graphic 

statics. In Proc. IASS Int. Conf. on Spatial 

Structures. 

[17] McRobie, A., Millar, C. and Baker, W.F., 

2021. Stability of trusses by graphic 

statics. Royal Society open science, 8(6), 

201970. 

 [
 D

O
I:

 D
O

I:
 1

0.
22

03
4/

22
.3

.2
41

 ]
 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
24

-1
0-

20
 ]

 

                            13 / 15

http://dx.doi.org/DOI: 10.22034/22.3.241
https://mcej.modares.ac.ir/article-16-58799-fa.html


  * +��,-.��) �
�� /�-0��1 ��.* ����)�� +�!�,�. +��.�2 3�45!                                                                 ��������.��67� *  

254 

 

[18] Radhi A. Iacobellis V. & Behdinan K. 

2021. Manipulation of topologically 

optimized structures using graphic statics. 

Materials and Design, 198, 109286. 

[19] Xu C., Wang Z., Li B. & Liu Q. 2021. 

Form-finding and shape optimization of 

bio-inspired branching structures based 

on graphic statics. Structures, 29, 392-

407. 

[20] Abazari Esfahlan F. 2021. Parametric 

modeling, analysis and optimization of 

free-form truss shelters by Graphic statics. 

Master thesis Tabriz Islamic Art 

University. (In Persian) 

[21] Rutten D. & Others 2020. Grasshopper 

3D, Version 14.0. Robert McNeel &amp; 

Associates, WA. 

[22] Preisinger C. & Heimrath M. 2014. 

Karamba—A Toolkit for Parametric 

Structural Design. Structural Engineering 

International, 2, 217-221.  

[23] Allen E. & Zalewski W. 1938. Form and 

Forces, Desining Efficient, Expressive 

Structures Boston structure group, Wiley. 

[24] Khabazi, Z. 2012. Algorithmic 

Architecture paradigm. Ketabkadeh Kasra 

Publishing, Tehran. (In Persian) 

[25] Shahabi, E. 2016. Smartening the public 

realm with an emphasis on reducing 

energy consumption. Master thesis Tabriz 

Islamic Art University. (In Persian) 

[26] Kalat Jari, V. R. & Taleb Por, M. H. 2009. 

Training to reduce the effect of genetic 

algorithm parameters on cross-sectional 

optimization and topology of truss 

structures by multi-purpose search 

method. Technology of Education, 4, 57-

72. (In Persian) 

[27] www.sciencedirect.com/topics/biochemis

try-genetics-and-molecular-

biology/evolutionary-algorithm 

[28] Rezayi Pazhand, M. & Mousavi, S. R. 

2009. Cracking in planar structures with 

genetic ainternal forces of thelgorithm. 

Modeling in Engineering, 18, 23-37.  (In 

Persian) 

[29] Larsen, E. 2017. Integrated structural 

analysis and design using graphic statics. 

Master’s dissertation, Lund University. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 [
 D

O
I:

 D
O

I:
 1

0.
22

03
4/

22
.3

.2
41

 ]
 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
24

-1
0-

20
 ]

 

                            14 / 15

http://dx.doi.org/DOI: 10.22034/22.3.241
https://mcej.modares.ac.ir/article-16-58799-fa.html


 0748 94:-–            ;��- �.�78 0��<�- 0=�*>)                                                                  ?��7� /@*� * �A�B ?�*�3� / /�1401  

255 

 

Parametric modeling and graphic statics analysis of Warren 

Arched trusses 

 

 
Taha Sabaghian*1, Yaser Shahbazi 2, Farhad Akhoundi 3 

1. M.Sc. Graduated of Architectural Technology, Faculty of Architecture and Urbanism, Tabriz Islamic Art 

University, Tabriz, Iran. 

2. Associate Professor of Smart Structures and Architectural Technology, Faculty of Architecture 

and Urbanism, Tabriz Islamic Art University, Tabriz, Iran. 

3. Assistant Professor of Strengthening of Historical Constructions, Faculty of Architecture and Urbanism, 

Tabriz Islamic Art University, Tabriz, Iran. 

 

* t.sabaghian@tabriziau.ac.ir 

 
Abstract  

 
Graphic Statics is a visual analysis and calculation method to find the type and amount of internal forces in 

structures, which achieves this importance away from computational difficulties and only with a geometric 

approach focused on two reciprocal diagrams of form and force. In this paper, arched trusses based on Warren 

type are analyzed using graphic statics. For this purpose, the parametric model of form and force diagrams 

were programmed in the Grasshopper parametric plugin. Parametrization has also provided the ability to find 

and analyze any different types of free-form trusses based on the type of warren truss. To measure the validity 

of the method and the accuracy of the algorithm written in the Grasshopper add-on, the numerical results 

obtained from several samples of arched trusses under different loads have been compared with the finite 

element computational method. The results of the validation simulations indicate the high accuracy and speed 

of the proposed algorithm. 

Bow’s notation method with peer-to-peer drawing of members from form to force diagram is a suitable 

method for graphical calculation of forms with discontinuous components such as truss, by which the internal 

force of each component can be obtained separately and through drawings. This streamlines the drawing 

process with rules and principles and makes it easier to continue analyzing components based on calling by 

name. 

First, an algorithm for arched truss production was written. The initial inputs in this algorithm included the 

coordinates of the beginning and end points of the arches and two points as the key of these two arches, whose 

truss height and also its rise are controlled by these two points. The lower arch was then divided into (n) equal 

parts by an arbitrary parameter of natural numbers. This number is one less for the upper arch, i.e. (n-1), so 

that the Warren Arched truss can be formed correctly. After loading, an algorithm for truss naming was created 

based on the Bow’s notation method. To draw the part of the external forces after receiving the starting point 

which is located in the force line and the direction of the line which is obtained from the slope of the truss 

members; The intersection of the calculated lines and the points related to the truss zones are obtained and this 

diagram is drawn. Also, to examine the algorithm more accurately, the abutment reaction values obtained from 

the finite element method and the graphic statics method were compared. The comparison of simulation results 

shows the maximum difference about 1.2 percentage. 

 

Keywords: Warren Arched Truss, Graphic Statics, Finite Element, Parametric Form Finding, Grasshopper 
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