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 �!�4)+ ����+ X��2%�!� <�V� N� 
� <�
��B� ����TT/� Y��3�4Z �TT��� ��TT�� 

�����[,� 
 �!� ������ 2���� #!� O\�$ 
 &0�� � �� .����Z �� 4���3�<�� ���� �[, ����� ��TT� ��TT� �TT��  ��TT#< ]��N ��  ����  �TT�

C����!� ���/�'� ^<�;�B) 6����!� IJ�L� K'3 
��! �� �3�L	����< ."3 1�+<� (�a ������!  ); ���  ��< ��"b^<�TT;�B �� �TT#	�  �TT!��

���� LU
����!  
 &N�������"�� �OB� ���� ��� ���� �I2< X��Q )��!�� <���� ��� ��� TT<���� ���) �/I� �	"TT��Z  �TTN�$��TT�� �!�TT; (

��"��/P#! .�4Z ��G>��� ����!� �4 �2'  )<�#< ^<�;�B �� &N�� )<�#< ^<�;�B ����#!�����"�� �����  Y���)� ��TTJ�)TT; �OTTB� �TT���  X"TT3

����4 %�c�� 2<�;�B� Z�� LU
���!�  
 &N�������"�� �OB��� ��"��B�L �� .� �d �TT��/3 �%�TT3�� ��TT�� )DDI�TT/I �TT� (� ��TTU�� 

\OV �� KQ�$ dV��X� N�<��O K'3 dV��!� LU
 �����!�  
 &N�������"��4 ��LS���! ���� ?�� �S� ����  
 F�TT� X��TTQ )TT�TT�� 

�� F���M� ����#< DDI ���/3�� "3/P#! .�4Z ������!  ); ���  ��<DDI ��LS���!  e*������  �0/	 
 ���� &! �� Kb�2��fTT�  X"TT3 ��

���� ���� ��LS�  �#! ���  
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 ����� ��� ���� �������� ��� 44  �����/3 4dV� O�N�<� 46��� �'��/�� C������� ��  ���.  

 [
 D

O
I:

 1
0.

22
03

4/
23

.3
.7

 ]
 

 [
 D

O
R

: 2
0.

10
01

.1
.2

47
66

76
3.

14
02

.2
3.

4.
1.

4 
] 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
25

-0
6-

30
 ]

 

                             1 / 19

http://dx.doi.org/10.22034/23.3.7
https://dorl.net/dor/20.1001.1.24766763.1402.23.4.1.4
https://mcej.modares.ac.ir/article-16-41432-fa.html


���� ����	 
 ���� ���� �� ���� �� ������� �� ���� ��� ��� ��	  �����!…                            �"#$�  �% &���  ���'#! 
 

8 

1- �����  

���� ��� 4�!fTT	�Z ��TT/#� /� .�TT2$� 
TT�� TT�d <TT��� 

#!�=��  
�'� �N�g ���!� �"/0� "TT 
� ��  ���TT$ ��

"����  ���� >����B .����  i�S
 
�����!� \OV�  ��

�����[,� 
 �!�  ��! N
� K$�� ��TT�)  �%�TT�TT��  6�TTJ ��

��0�������  )TT��-TT�
 ���TT� ���!� TT#0� <  �TTg���>
�4�TT! 

 �#�%���!� K� 4"/*���>�
�B 4�!"TT� 4�!� 4�TT!� ��TT���#�!  


M�4��  ����#!�d TT���� K'TT��  1"TT, X��TTQ �� 
 �TT��

���/3�� K� RS� )��!� ���� #TTh	 j��	� 
�&>����TT!� 

X��2% ��� Z'# ���/�!�   ��TTIVGTT��<�� �,�TT#�V�  


��h�S�� TT2����� � ��TTV
 )TT�TT�Y" ��TT/����4Z �TT� i�TTU��� 

���� �� ����[,� 
 �!� ������ 2���� 	�
�TTU 
 &TT0� 

G��< ��'<��� .���  

!�>�  
 KTT� X�S
�TT� �O ��TT�� TT ��� ��TT	 �J ��TT�k 

�������!� �h�� L	�TT�Z TT����� F
� �TT� Y��TT#<� �TTh�� 

����� �
"��� ������� ���� )TT� 4�TT�� 
TT��- <�TT��  )TT;

���� ? ���)�!� *%��� TT ���TTS �����>TT��� [1]����TT/� Y�Z 

F
��!� ��	�� ���%� � )L��	TT��" )TT� ."TT<��; *;��TTJ� 

F
��!� ���� ���TT� �� ������� �!� TT lmTT� ��TT0g�

Y"3��  lm�1 ��	 K�3��  ��V
����  lm� Y���� ��2 

L	 K�3��Z  K�����Y  lm�3 ���TT����  X"TT3 )ITT��� 


����  lm� 
4� 4����/� S�� �TT#, 6�J��"TT<�# �TT�� ���TT� 

[2]TT���% i�TTS
 .�4 CTT����!� 	��TT���'� TT��V))�TTV��4�TT! 

�<�;�/	 
 �!�� 
 (�!C��!� ���/�'� ^<�;�B) K'TT3 4�!

 
 �!������� n	 �� ���TT� (6���TTTT��� �"TT!�Y ����TT/��Z  ��

����� n	��X�� TT �"TT� ��TTV
 )�� ��TT	  ��TTV
 )*oTT2 )TT�

����4 � �� );) �%����  � X"3 
 K��Z  X�TTLN�m 4)N�b

 lm� �	2 4�/L� ��	��  ��V
���� �TT��/3 
 ���TT� ���� 

K��!� ���� �+<�1 .(��� �"3  

)TT!� ���!� %�TT�4� "TTI	�X� ��TTU�� � �TT�TT��"  F����TT�

��6�/=�! � ���)/ ���� TT2� )TTV�	 ���TT ���� ������� 

�> ���S"TTI	 .��� )�B�K dTTV�1 )WT  ��TT/, )TT� (�TT'�  ��

                                                                                         
1. Wavelet Transform (WT) 

"I	�X� 3����� "/#<��	� ��6�/=�!   � �� ������� �� ); ���

� ��	 � X�h���6�/=�!  ^<�TT;�B 
  �� ���$ 
� �� ��

�b< 
 ��; p������q ��<�=���� �� n	��X�� *�� <�0>�<�  ��

��6�/=�! ���/3 ���� .��#<  .�TT�� Z�TT#! �TT��!
-TT���TT! 

��"L�  �� �/�I ���� ���� ���� ���$ ��K�"I	 dTTV� 

.��� �"3 1�+<� <�"/N� !�� �� ������� ���& *�	 )� dV�TT�K 

C����!� 3�L	���  )g�>� Y�%���� ����r�TTh�� "TTI	 ���K 

��� dV�� ���/3�� TT�����!�  �TT� 4��TT#/< �����TT�� ���TT�

B�L� ��Z �"/0 �� F
��4 ���M�� �TT� )LN�m�� ��TT�� 

����"TT3 dTTV� F
� )TT� �! [3, 4] ���TT'#! 
  �TT� .  �TT�

"I	 �� ��������K *�	 )� dV��K C����!� ��	�)P� <�TT�� 

��&�2 �d ���� )V��� B�L ��� ����  )TT� �!�TT; X��TTQ

����  i�TTS
  �� 
 "/�%������TT�� L	 ���TT�Z "TT<��#< [5]. 

 ���'#! 
 
�!  �� ������� ��K�*�	 ���� dV��!�  KTTQ�$

)TTs�N "<"3 kB� 
"<�<�B Z� )NON� ����  )TT; ����TT��  t�

�"!� ���/3�� �#<�"/ [6]����� 
 ��2<�
� . "TTI	�K  dTTV�

 ������ ���/3�� 	 �� u�	 K���!� v�S 
��TT3 �TT�	 �!�w 

/�B�> ��'� ���G>��� X
���" � .� dV� �!�6�/>�	��  )� ��

��0�  ��/,�Z B� dV����/3 �� k�� "TT<��; v�TT��<� [7] .

<�	�;�Z  �� ������� ��KTT�*�	 CTT��� dTTV��!� 	 6���TTTT�� 

*� x�
 �� �"TT3 )�%�TT���TT#� TT���� )TT�� u�	�TT!�  �"TTL�

��< .�%�����a  ); ���  ��<���� ���/3�� u�	 K� 4 cGTT$

��U �� )B�<�� dV� X��\OV  ��� 1�?[8]	�"S .� ���� 

 ���'#! 
 )� ��>��;��� "I	�K ���� 
 dV��!� K'3  ��TT

)� ��	��  K����� ��  )TT� kTTB� 
 "TT/�%���� X���TTQ

���/3��  K����� "<"3 [9]�S�� .� *!��TT; 
�  ��TT/I �TT�

 dTTV� K�"I	 �� ��������TT��/3 )TT��� �TT���% ���TT� ���!� 

��	 ��	�d ��b ."/�%���� )NON��� C��� p
���U �� �!�� 

\OV�X� TT���% i�S
  �� 4dV�� �� ���  �TT�< [10] 
 
y .

 ���'#! dV� �� ������� ���!� ��>� �0V"L� 
� ����2 

K'3 
�!� �/�<�� *#,�	�� N �� �"3 Z'����O3 �TT�	 )��� 

���� �� ���/3 )� kB� 
 "/�%���� X���Q��  K���TT�� 

                                                                                         
2. Two-Dimensional directional Gaussian wavelets 

3. Laser scanned operating deflection shapes 
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"<"TT3 [11]TTN .�  ���TT'#! 
 TT�
��<� F
� �� �����TT�� �TT�� 

I2< dV�� ��)��� �TT��/3 )TT��� ��TT�� ���TT� ���!�  KTT�

���%��   ��< 
 "/�%����� F
� )TT; "<������0/TT�� *��STT�� 

*������ ���� ���� ���!� ���% K���  ���� ��[12]TTN .� 

 
�! 
���� ���/3�� ���� )��TTQ v�S ���� ���� 7  )TTbIJ

 �� �/�I �3
��������  dV� )/�� C������ ��0/��� 
 "TT<

 Z�� �� ������� ��F
�  kB�"<"3 ��LS���! ��TT�� ��  �TT�

S� ��
����k � �O ���� )� X��2%� ���/3�� �#<�"TT/ [13] .

<�	�;�Z dV� �� ������� ���!� ���<���" �>�^'<�'/1  �TT�	

y�<� �����!� O+	 )TT� eTT*��TT�) *�	 
TT�K �TT!�� K'TT3� 

��{�; X���Q��� �������"  �TT� )TT; ���  �TT�< 
 �TT%����

� �� ��������Z dV� �!��;
��� S��k X��2%  �� v�TT/�V� 


�� ����  t��"TT!� [14] ���TT'#! 
 KTT	�� .  �� �����TT�� �TT�

"I	�K ���/3 )� dV��� ��TT��  ��TT�d TT/��  �#�%�TT�� 6 

 � ."/�%���� )bIJ*�	 �� �!TT�K CTT��� dTTV��!� TT3�L	��� 

� 4)bIJ �! ���	 �"3 �I���� 1�V�!�  "TT<���  �TT�< eTT*��

b�2 q�I	�� );�#� ��Z ��U�� n	 
 dTTV�TT���  ���TT>-�


��! 	�j�  ���� ��TTV
 1�TTV )TT*#V �� ����[15] .�TT2<��  


  ���TT'#! ��TT� �� �>"TT3�"V ��TT�� ���TT��/3 ���TT� ��!

Z�� �� �"3 �� ��?�B �� ������� ��/I �� dTTV� K�"TTI	  )TT�

�TT3�L	�� ��TT!�� K'TT3 KTT�*�	 "TT/�%���� 
 kTTB�  "<"TT3

��LS���TT! >"TT3�"V� TT/�� )�TT2!� ��  ���"TTV�?�TTB�  ��

"/��#< �����/3 [16-18] . ���'#! 
 }<�
  dTTV� K�"I	 ��

���� ���/3�� ���� *<�TT	 �����  � ."TT<��#< �����TT�� �� �TT!

 4)LN�m Z���d  �%�3 ���TT��/3��TT�� TT/�I� "TTI	 �TT��K 

< ����� .��� �� dV��
�� S����"<� ����0/� ��� 
 "<���� 

 i��TT<� �TT� KTT<�	 �
"TT�  �TT#N� 6"TTeTT*�� TT���%�  ��

LS����!�  ������� e*��"<��;��< .�a  )TT; ���  �TT�< ZTT��

 �%�3�"TT<��	   ��TT/, )TT�TT�d  "TT���; 
 ��~TT �%�TT3

���/3�� ���� RS�
 ������� ��� ��3 [19]TT2$ .�/�  �TT,�


c��, 
 ����"I	 �� ������� ���K �b )TT� dV��)TT2 �����TT!� 

*�	 �� KQ�$�K 	�����'� �TT��/3 �� 6��� 
�� ��TT��  "TT�

/��� <�
� �TT��/3 )TT� kTTB� 
 "/�%������ K��TT!� ��TT�� 

                                                                                         
1. Quincunx 

"<"3 [20]"#$�  �% .�   ���TT'#! 
 �TT�)TT�>��;��� "TTI	�K 

"L� 
� dV�� K'3 
��! �� �?�B )��Q� �b )TT��)TT2 

��U�� �N�$ dV��!� L 
 &N��TT�v� �TT�< ."TT/�%�����a 

��TTU �� X�TT3���M� )TT; ���  �TT�<�� N�	 dTTV�TT�"  �"TT3

�N�$�!� L�v� �b ���)2 ��U ���� 	 dTTV�N�TT�"  �"TT3

LS� �� &N�� �N�$���!�  e*������ &�g>��  
 �TT��

�#	 ��� �!��� �����  �"3� ��TT	 K��TT!� ��TT��  ��

 ��?�� �S��� ���/3�� ��#< [21] . � �� �!b�	�bX� ���TT=� 

�� dV� K�"I	 �� ������� �"L� 
� )� kB� ���/3�� ��TT�� 

�� X���TTQ 
 ��?�TTB ���)�%�TT� *<�TT�� "<"TT3 [22,23] .

Z�/P#!�� q�I	�� �� 4  ���TT��/3��TT�� 	 ����TT!�� �?�TTB� 

"<���  ��< ); "TTI	 i�TT< 
� �TT! �� �����TT�� �TT��X� dTTV� 

� K�"I	 
 )����� dV� K�"I	)V()�TT22> d TT� ��TT	  ��

*�	�K C����!� 	�����'� � 
��TT/�'�4 LS����TT!� ��TT�� 

���/3 ����  ��#<[24, 25] . ��!  )LN�m �����TT=� 4[26]  �TT�

)�>��;��� "TTI	�K � dTTV��)�TT�� �L	 
TT�e TT�d TT��6�/= 

�
�
� ���/3 )��� ����  ����TT� ��TT� �TT�� �TT�	  ���� 

."/�%����  �I2< &#�O;� ����b ����TTU\OVTT�X�  �TT�� )TT�

 �� �"�K�*�	 dV� ��
�
 6�/=�� c�Q ����TTb �� �s<�� 

�/��� �TT0�<� 
� �TT�� K� 4 ��TT��TT!� ��TT�� ��  .���  �TT�<

�U��� ��'#! 
 �B � "I	 �� ������� ���K � dV��)�TT��  )TT�

*�	�K  �� �� K'3�d <�#�%�� ����� *<�� r��;�  ��TTg� 


��TT�� � �� ."TT/�%����TT�Z  KTT� )TTLN�m��TT�� � �TT����TT+ 

�0V��! I2<� ��U ���N�	 dV� ��" ��/3 �"3��� "TT3 

[27-30].  

X�LN�m � �� �"3 1�+<��Z b�	�k   ��<�"!�  )� ��#; );

���� ��� ���� C��� ���!� ���TT/�'� ^<�;�B) 6���TT 
 �TT!

K'3�!�  )*o2 
 (�������/3 ����  �TT�� �TT�	  ��� ��

��� ���� �� �/�I ��� �"3 )�%���� dV� . )TT� )TTV�	 ��

��)'/ ���  �#N� ����#!  < ��� ��	�
�� ����  �TT�� RS�


"�	 ��� �� 
�" �����!� *��  ��TTg�  ��TT� �TT�� ZTT'#

�< �� 
 �<�#;�4)+ ���<���"� ��3����TT/� Y�4Z �TT��� ��TT�� 

���� �[, ���� ��� ��� ��� ��	  ���� )*oTT2��  ���TT

.��� )V�	  
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2- ���� �����  

 �y�
"Wavelet"  �OV 
� ��"Wave" /L )��  
 p�TT"let" 

/L )�� '�	 dg�;�K /L )� 
 �"3�  dTTg�; p�TT�TT�� 

���B  ��� �� );�  6��L"dV�" ��TT��  )TT�B�> �TTs< ��  �

"I	 .��� �"3�K  dV��� "I	�K 
��N� "TTI	�*�  )TT; �TT��

2<�;�B X�h��� �d ��6�/=  �� ���d <�TT� �����  ��TT	�;

���p��� � 
 ���#<� � �"/; ); Z��  �TT3G> �TT� X�TTh��

 )g )�  ��K'3 n	��� �"/;� .�Z "TTI	�K ,�TT#+�  ��TT�d 

��� ���� R���	� ��TT� )TT; ���� TT2<�;�B ZTT3�N
�� �TT!� 

n	��� �"/; TT2<�;�B �OV� 
� ZTT3�N
�� ���!�  )TT� eTT*��

 ������" [31].  

 K�"TTI	 X��TTQ 
� )TT� dTTV� X��"TTI	)�TT���� dTTV�1 

)CWT)�TT22> dV� K�"I	 
 (2 )DWT�"TT3 eTT��L	 ( "<�

 �! )� )��� �� );�d  )�%�������3.  

 

2-1- �����  ���� �����  

"I	�K � dV��)��� ��6�/= x(t)  ���� ��∞ - �	 ∞ �� )TTm��� 

)1�L	 (�e �3�� [31, 32]:  

)1(  ����,���	
,��	
 �  ���
 1�|�| �∗ �� � �� � ���
��  

 ); � ��  

)2(  ��,���
 � 1�|�| � �� �  � � 

) )m��� ��1 4(a  
b  6�TTb�<� 
 .�TT�b ��TT!������ �TT�	�	 )�

."/�2!�∗  dV� R��	 w*�� p
�O�  dTTV� R��TT	 .���

 ��K�*�	  �"TT3 eTT��L	 6�TTb�<� 
 .�TT�b �����TT� �TT� dV�

6�/=�TT� )TT<�>"/g K�*�	 )\��� )� �+/ �>-�
 Z�� .��� ��!

� ��2�� ��M��3.��b v�TT��<� �TT� ); X��Q Z�� )� 4 ��TT!

���� ��	�	 )� ��O� 
 dg�; �
� �TT>�O� 
 dTTg�; ��TT!

 1�TT+<� ���TT� dTTV� K�"TTI	 w��	 6�/=��KTT�*�	  v�TT��<�

�.��3 .��b���b	 �TT� ���TT/� "TT$�
 �� �TT�#; ��TT! ��TT!

.��b 
 6�/=�� ��!��O��TT	  X�TT�\OV �TT� ���TT/� "TT$�
 ��

.��� 6�/=��  
 

                                                                                         
1. Continuous Wavelet Transform (CWT) 

2. Discrete Wavelet Transform (DWT) 

2 -2 - ���!! ���� ����  

N� )��K n	��� ��)��� �!������� b�.�  1�+<� 46�b�<� 
CWT 


�� �d ��6�/= N�	 )� �+/�" B�U� X�,�J�� TT���TT3  


�< ���4)+ �OTTB� )TTsB�$ ���"TT<� 
 )ITT���  �TT��� ��Y"TT�� 

����/��4Z TT=<
OB� �!�TT;� ��TTU�� b �� dTTV��.��TT!� 

 .��TT� �TTs< ���TT ZTT'# "TT$ �	 e*��TT�d  �!�TT; F
�

=<
OB��4 )�22> �� ����������� ��=N�#�� b ������TT�.�  


 4^{�)�2��
  6�b�<� ������ ��"b  ��#<)�  ���  �[32].  

)3(  ! � � �"# ,   �" % 1,   & ∈ (� � )�"�"# ,   �" * 0, ) ∈ ( 

 ��B ���" � 2  
�" � 1 6�/=�TT� )�TT22> dTTV� K�"I	 4

x(t) ) )m��� �� ������� ��4 )� (� ��� "��[31, 32].  

)4(  
-���,���	
,��	
 � 〈���
, �#,/��
〉 � 1√2# 2 

 ���
�∗ 3� � )2#2# 4 ���
��  

),�#+ �>� dTTV� ����TTU �� ��〈���
, �#,/��
〉  ��TTV


 6�/=�� K�; X�,�J� ); "3�� )�3��x(t)  4"TT��#< e�Q�	 ��

) )m��� "���5:"3�� ���S�� (  

)5(  
5‖���
‖7 8 9:���
, �#,/��
:7

#,/ 8 ;‖���
‖7 

5, ; ∈ <= 
 6�/=�� 4��N�$ Z�/g ��x(t) � �� .�TT'L kTT��J ��  ��TT	

.��#< ������� )�22> dV� K�"I	  

)6(  ���
 �  25 = ; 9 9 -���,���	
,��	
�#,/��
�
/>��

�
#>�  

 ��K�*�	 /3�N
�� "/g�4 �d ��6�/=  ����"TT<��	  ��

\OV �#2S 
��X� �b	 
�X�I O+	�) ��TT� .��TT3�  �TT�� )TT�

"L� lm�  ��
�� \OVTT�X� �b	 
�X�TTI TT� ��TT	  X�TT,�J�

�b	�I� � ������ O+	�) ��B .��#<�"/ O+	�) �"<��	 �� �	� " 

b )TT�TT�.� TT$��J�  �"TT3j � 
 ��TT3 ���TT'	TT�Z =<�TT=g� 

��������� �d DWT )TTN��L .����!� )7  
8\OV (TT�X�  


�b	�X�I b �� ���.� j  )\����"/!� [31, 32].  

)7(  

x�# ��
 �  9 �#,/∅#,/��
/  

� 9〈���
, ∅#,/��
〉∅#,/��

/ ,    ) ∈ ( 
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)8(  

xA# ��
 �  9 �#,/�#,/��
/  

� 9〈���
, �#,/��
〉�#,/��

/ ,    ) ∈ ( 

 ����U  � �� );�#,/  
�#,/  �TT� q�TTI	�� �� (�TT�	�	 )�)

���b	 ."/�2! X��\OV 
 �! 6�/=�TT� dTT� 4)TT+��< ��x(t)  ��

�) )TTm��� �� ������� ��  ��	9 )TT� ()TT,�#+��  �TT[B �TT�� ��

.��#< )�O+	  

)9(  ���
 �  9 �#,/∅#,/��
�
/>�� = 9 9 �#,/�#,/��
�

/>��
�

#>#B
 

  � �� );j  �� .�TT�� �"TT3 Z�TT�L	 ��� �� .��b ������ d�

 4x�TTB X?��TTL∅��
  
 �TTT�� .�TT�b R��TT	∅#,/��
 �
2�#/7∅�2�#/7� � )
  �"3 .��b 
 )�B�� 6�b�<� )�2<∅��
 

 ���[31]. 

  

3-  #$�%
 &' (
�) &	��� �*+�,�-.%/  

���� )N��L� �#% �<�#; �� &;�$�  KTTh� �TT� 
�  ���

< ��� ��	�
�� ���� ) )m��� ��10�L	 (�e ���3:  

)10(  DEFGG � �HF ⇒ FGG = HDE F � 0 

 �� ��� X��I, ��V� ��� w���3F�0
 � F�J
 � 0.  

� )N��L�2<����K )10 (�d m% )N��L� )I	� ��U �� 1
��� 

� 
 ��� �����)TT��!� TT'#; )TTN��L�  p
�OTT w*�TT� 4 �

����/� Y"/�2!�4Z �#, C���� :��� "!��% ���O )N��L  

)11(  F � 5�KL MN HDE �O = ;PQ� MN HDE �O 

 ��� )� ���� �� &;�$ ��� w���3 �����":  F�0
 � 0 → ; � 0 

F�J
 � 0 → 5�KL MN HDE JO � 0 

�U�� A #<�"<��	 ����TT/� Y��TT3 ��TTQ�Z � �#TT2S�TT��/� 

� �� 
 ��� ��Q�Z  ��� )� X��Q���":  

N HDE J � LS ⟶ H � L7S7DEJ7  

 ���� )� );L � 1  KQ�$ �<�#; �<���� ��� ��"b���3. 

  

4- 1�2�� 1�3� 1�' &4��  &'�+�+��5 6�+��  

� �;�$ )N��L�&�2 ���� )V�� "/g�  ��� ��TT	  6��TTL	 ��

<��!
�� ���� X�V�� �� 1�";�! �� ��~� :��
� ��� )�  

)13(  UVW = UXW = UYW � HW��
 

�	� K'3�2� ) )m���13) )m��� X��Q )� (14 (���:  

)14(  UV = UX = UY � H��
 

 �� ����TT� ��TT� �TT�� Z�B�TT> �s<� ) )TTm��� ��14TT (� ��TT	 

:�3�<  

)15(  UV = UX = UY � UZ � H��
 

� )TT� )V�	 ���)TT'/ <TT�
�� ��TT�� �ITT2<)� TT�<�#; ��TT� ��� 

<����� �;�$ �0V c�% �� (���Y ����/��Z TT�/  � �TT��� 

 ]��N"3) )N��L �� .15( UV 4UX 4UY 4UZ  
H��
 	�	 )TT�TT�� 

�	��^ <��!
�� ����/�4 �����4 ����4 ���� !�> 
�  ���TT�

 
Z�� )<�>�L	�e �"<�3:  

)16(  UV � [\] , UX � �\̂ UY � _\ , UZ � _Z \ 

 ?�� w��
� ��u ��V �����)�V�� ��>�	� 
 �!�^�!� TTL��� 

M 4C 4K  
GK 	�	 )��� �	�TT�^  41�TTV����TT�4 ��TT��  


���� �"/!� 3�<)� < ���
�� ���� ("/�TT2!Y ����TT/��Z  ��

�V���G=�  ��� )����":  

)17(  [\] = �\̂ = �_ � _Z 
\ � H��
 

  ��� ���TTS �TT� )TT;_̀ � _ � _Z  (�TT;� ���TT� ^��	�TT)

K'3 )� ���� �;�$ �'��/�� )N��L )m��� )18�TT�� KTT��S (  

:���  

)18(  [\] = �\̂ = _̀\ � H��
 

� ���Z  ���� F�L	�� )N��L X��Q�d ��&�TT2  )TTV�� "TT/g

�����   
"������ :��� "!��%  

)19(  [\] = _̀\ � a 

 ��B ���d ��V)�V�� <���!�d ���� ���� X�TTV�� 1�TT#	� 


�� ���)  ��Bθ  ^<�;�B 
ω � w��
���  ��� )����"/: 

)20(  \��
 � \bsin �f� = g
 

)21(  \] ��
 � �\bf7sin �f� = g
 

  � �� );\b  �"/!�  ��<�TT��n	  �TT� �TT� 
 ���� &�2�� K'3 

�#<) �� ���G=��V �� ."/;19 KQ�$ ��� )N��L (���3:  
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)22(  �K̀ � f7[
\b � a 

	��TTQ �� ?�TT� )TTN��L ��=���� M v��TTVTT��  )TT; ���� ��TTQ

�	�� �/ ��U�� :"3�� ��Q ����� 

)23(  �i��K̀ � f7[
 � 0 

 )� �+/ ?�� )N��L w2��d �TTIV )TTN��L�  )TTV��n  ��"TTL	)

���� X�V����� ( f7 ���3 � �� 
�Z �JTT�4k ^<�;�B 
 �TT!

K'3�!�  ����f� ��� ��� ���  ��� )����"/. 

  

5- 8��3� �	2!� ���'  

�?�B  ����  6�J )�4 TTL�� RTTmb lm� 
 ���  )TT� ���TT	

 R*TTU 6�TTJ10 �<�TT����# <�TT' X�TTh�� �TT��'�  6
"TT

��?��2�)� 200 �=�>6�'��� �N�=g 47850  �TT� �TT� 1�>�TT*�;

 �ITT2< 
 �L' ZTT����3/0 ��TT3 �TT��w '	TT�)!�> �TT� 
� �

Kh� ���TT  �TTs<�TT�� .b�	 )*oTT2TT�k4 �TT���  
 ��TT�

�����'3�� K��!�  e*������ L  ���  �#N� ��TT�v� 

 ��� ��	�I2<��! <���� ��� �� e*��� TT<���� ��TT�) �TT/I� 

�	"��Z  �N�$���� �� (� X�,�J� �� ���������/�'�  6���TT

 
F
��!� �*�*�	 "I	�K .��� dV� 

  

6-  1�::' ;::3� ���::� +��::3� �<::�� 6�::�

1�3��  

�?�B  ���� ��3 ���w '	�)!�>�  K'3 Kh� �� 
�)1(  �TT�

  �TT#N� �� �����TT��Beam-Wire 1�TT< �� �
"TT� �OTTV� ��OTTB�

ABAQUS 6"���� .��� �"3  )TT� ��TT#�,� ��s/ )� ��TT�B�

� ��TTh	 
 �����)TT'/ LS�
 ��TT�� �TT� )*oTT2 )TT���  ��TT�

��b 4��� �"3 )�%������ <���� ���� 6"���� 1�<��OB��  ��

��b�� ��o	� �b�)2 \�	 ��� 
 "3�" ��> RTTS�
TT�"��TTb .�� 

<���� ����  �� KQ�$*�	�K  ��TT� �<�TT#;  ��TTL�� �TT��TT 8 

�<�TT���TT� ��TTb 
�� ��TTo	� s<� �TT3�  6
"TTV ��)1(  ���
�

�"3 ); ��� �;j )� 1�? ."<�*�	TT�K �<�TT#; �TT�  �TT ��TTL��

< X
����O ��< 
 "3 1�+<��a "/I� ); ���  ��<�  6�J )�8 

�<����� ���� b�	 )����k .��� ���/  
 

  

 -�.1 .  ������� ��� ��� ��	 �� )�'	 w���3�*h� �!�>  

  
Fig. 1. The column under the effect of axial load with the 
pinned support conditions 

  

 

 *0�11 .��� (Z	��<) &N��  ��� �
"� �OV� 
 ���o	 ��<�#;  

jklmnmkop �q
 
Mode Number 

ABAQUS (FEM)  Theoretical  
1.03E+6  1.03E+6  1  
4.09E+6  4.11E+6  2  
9.16E+6  9.25E+6  3  
1.61E+7  1.65E+7 4  

Table 1. Theoretical and finite element critical loads of the 

healthy column 
 

��"b ���� ���o	  ��� �<�#;<����� ��  6
� ��X��TTQ )� 

j�K .��� �"3 )I��� 

Hrs � S7 200000 2 10t 2 10�t12 2 47 ≈ 1.03 2 10t �y
 

  

 

7- ;*�) ->&,� ��5?��@  

�����!  )��TT2���?� 6
"TT �"TTQ�� �!�TT; X��TTQ )�

 �TT�"/! X�TTh�� 
 �"TT3 eTT��L	�N�$�TT!� ��TT��  ��

) 6
"V2.��� �"3 ���
� ( 
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 *0�12 . ��"/! X�h���N�$�!� ����  

Damage … 

Severity   Center (m)  Zone (m)  Number  State 

30  1  0.96-1.04  1  D1  

20  3  2.96-3.04  1  D2  

30  1  0.96-1.04  
2  D3  

20 3 2.96-3.04 

Table 2. Geometric profile of damage states 
 

��?� 6
"�2�)� $�<�) ���� �� ��� X��I,  

)24(  DA � �1 � �100� Dz 

  � �� );d  X"3���� ��LS� .��� �s< ��� 

 

8-  B�C &4� -�1&'?��@ -$�&3' 1�' &'  

 6
"V ��)3( ��b��  ���OB� 1�< ��� ���TT�TT<�����   ��TT�

L�v�  �! ���d �N�$ ���!� ����% D1 4D2  
D3  ���
�

 �"!�� Y��� �"3"3 ); �OTTB� �TT��� TT���% X"TT3� $�<TT�) 

������4�"  ��� �O  ��� ����TT<����� TT )�TT��;�Y��TT3  


��Z #!��� ,������  �#N� �� ������  ��TT� �TT�� �TT�	  ��TT�

����  
�� "L� K$��� �	�&  
�� �L	�� L  �#N�TT�v� 

��s/ )� f	�Z ��/#� O! �!�; 
�)/�!� <�V� N� 
�  ��� ��

"�	�" ���%��!� LU��  ����
���� ��#<�".  
 *0�13 . X"3 �������  ��� �� ����(Z	��<) �<����  

Critical Axial Load (*106) 
Damage 

Severity (%) 
D3 D2 D1 

1.0218 1.0269 1.0269 0 

1.0195 1.0246 1.0246 10 

1.0167 1.0218 1.0218 20 

1.0131 1.0181 1.0181 30 

1.0083 1.0132 1.0132 40 

1.0015 1.0064 1.0064 50 

0.9915 0.9961 0.9961 60 

0.9747 0.9791 0.9791 70 

0.9415 0.9455 0.9455 80 

0.8462 0.8491 0.8491 90 

Table 3. The effect of damage severity on critical axial load (N) 

���% X"3 ); ��� �;j )� 1�?� $�<�) ��TT�� 2  �TTN�$ ��

D3  �����20% /P#! .��� �"3 )�B�> �s< ���4Z TT<���� ���� 

 �N�$���� D3 X"3 ���!� ���� 30%  
20% 	�	 )TT�TT�� 

$��< ��� ���� 1  
2 <���� ���  ��/, )�� TT<���� ��TT�) �/I� 

�	"��Z  �N�$���� (���� b�	 )����k TT�� �"TT3 v���<�� .

)�IN�  ���I2<��! � �� e*���Z  ��TT�)TT�  �*'TT3)TT;  X"TT3

���� $��<� 1  
2 	�	 )���  ��30%  
20% �#/< �
�TT+	TT�4" 

��  ������"�  ��$ �� ��%��#<�".  

  

9- -,��E F$�
&> &' �1�3� 1�' &4� -�1&'  

 K'3 ��)2( K'3�!� 3�L	�� ���  (6
� ��TT K'3 ��!)

 �� KQ�$ &N��  ���K�*�	 2<�;�B� ��TT� ��TT� ��� ��	� 

.��� �"3 ����  ��<  

K�*�	 2<�;�B�  ��� ��	  ����I2<��!  ��TT� �� eTT*��

<����� LU
 �����!�  
 &N�������"��  �TT�� �"TT3 1�+<�


 ��"b ^<�;�B �� ���/� �!�� K'3� LU
���!�  
 &N��

���� D1  6
�"TTV �� ()TT<�#<  ��/, )�))4  
5(  �"TT3 ���
�

 �"!�� .������3  );��"TTb  ^<�TT;�B�� �TT#	�  �TT!��

���TT� LTTU
 
� �TT!��  
 &N�TT���TT���"�� �OTTB� �TT���  ��TT�

����  �!�;��"��/P#! .�4Z �b ���)TT2  6
�"TTV)4  
5( 

 �"!�����3 ^<�;�B );�!� IJ�L� LU
���!�  
 &N�TT�

�����"�� �#	 ��� ��TT� ��TT� ��� Z�B�> �s< �� �� �!��� 

� �2' N� )��K  ��V
���� ����� < ."/�TT2! c��TT%�TT�4O  �TT�

�OB��� � ������4 2<�;�B c��%�� LTTU
���!�  
 &N�TT�

���� �#	 ��� �OB� �!���� ��"��. 

 K'3 ��)3( ) �TT/I �<���� ��� )� ��� �I2< ��!����#<ξ �
H HP{⁄ ( -  ^<�TT;�B )TT� ^<�TT;�B �ITT2<f" )} � f f0⁄ (

  ��� &N�� �N�$ ������ �� ��0g 6
�  .�TT�� �"TT3 &���	

� �"!����3  4���TT� ��TT� ���OB� �� );�TTL�IJ ^<�TT;�B 

� �!�; �!�� ��#	 ��TT!�� �� �TT�!�; "<
� Z�� 
 "���

Z����.�2� �	) .��� �	f"  �� ���/� �L�IJ ^<�;�Bξ �
0 (.���  

 [
 D

O
I:

 1
0.

22
03

4/
23

.3
.7

 ]
 

 [
 D

O
R

: 2
0.

10
01

.1
.2

47
66

76
3.

14
02

.2
3.

4.
1.

4 
] 

 [
 D

ow
nl

oa
de

d 
fr

om
 m

ce
j.m

od
ar

es
.a

c.
ir

 o
n 

20
25

-0
6-

30
 ]

 

                             7 / 19

http://dx.doi.org/10.22034/23.3.7
https://dorl.net/dor/20.1001.1.24766763.1402.23.4.1.4
https://mcej.modares.ac.ir/article-16-41432-fa.html


���� ����	 
 ���� ���� �� ���� �� ������� �� ���� ��� ��� ��	  �����!…                            �"#$�  �% &���  ���'#! 
 

14 

 -�.2 .K'3 ��!  ��� ��&N�� ���� ��� ��� ��	  

        
8th Mode 7th Mode 6th Mode 5th Mode 4th Mode 3rd Mode 2nd Mode 1st Mode 

Fig. 2. Undamaged mode shapes of the column under the effect of axial load 

 *0�14. (O	�!) &N�� �N�$ ^<�;�B ����b �� ���� ��� ���  

jjkl 

Mode Number 

1 2 3 4 5 6 7 8 

Natural Frequency (Hz) 

0 14.291 56.992 127.60 225.30 348.99 497.37 668.94 862.07 

0.1 13.569 56.286 126.90 224.60 348.31 496.70 668.28 861.42 

0.2 12.806 55.572 126.20 223.91 347.63 496.03 667.61 860.76 

0.3 11.994 54.848 125.49 223.22 346.94 495.35 666.95 860.11 

0.4 11.143 54.114 124.78 222.52 346.25 494.67 666.28 859.45 

0.5 10.178 53.371 124.07 221.82 345.56 494.00 665.62 858.80 

0.6 9.1360 52.616 123.35 221.11 344.87 493.32 664.95 858.14 

0.7 7.9580 51.850 122.62 220.41 344.18 492.64 664.28 857.48 

0.8 6.5719 51.073 121.90 219.70 343.49 491.96 663.61 856.83 

0.9 4.8007 50.484 121.17 218.99 342.79 491.27 662.92 856.17 
Table 4. Effect of axial load on frequency values of the healthy state (Hz) 

 *0�15 . �N�$ ^<�;�B ����b �� ���� ��� ������� D1 (O	�!)  

jjkl 

Mode Number 

1 2 3 4 5 6 7 8 

Natural Frequency (Hz) 

0 14.230 56.516 127.07 225.24 347.53 493.55 666.25 861.31 

0.1 13.504 55.804 126.37 224.55 346.84 492.87 665.56 860.65 

0.2 12.738 55.084 125.66 223.86 346.15 492.19 664.92 860.00 

0.3 11.921 54.353 124.95 223.16 345.46 491.51 664.25 859.34 

0.4 11.045 53.612 124.24 222.46 344.77 490.82 663.58 858.69 

0.5 10.092 52.861 123.52 221.76 344.08 490.14 662.91 858.03 

0.6 9.0400 52.099 122.80 221.06 343.39 489.46 662.24 857.38 

0.7 7.8475 51.326 122.07 220.36 342.69 488.77 661.57 856.72 

0.8 6.4376 50.540 121.34 219.65 342.00 488.08 660.90 856.06 

0.9 4.6149 49.743 120.61 218.94 341.30 487.40 660.23 855.40 
Table 5. Effect of axial load on frequency values of the D1 damage state (Hz) 
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 -�.3 .<�!����#� <���� ��� )� ��� �I2<� �/I- �/I ^<�;�B )� ^<�;�B �I2< �~�  

    
Fig. 3. Graphs of the ratio of load to basic critical load– the ratio of frequency to basic frequency ~� 
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 K#�� )bm/ )��2���?� 6
" 
 &N������ .���  
 

 *0�16 .
���) ��Z K'3�!� �� L 
 &N���v� 6
� �� )�  

Angle between of mode shapes (Degree) Mode 

Number gWz,A�
 gWz,A7

 gWz,A�
 

0.1297 0.1253 0.2144 1 

179.74 0.2782 179.53 2 

0.4096 0.2901 0.4916 3 
Table 6. The angle between of undamaged and damaged 
mode shapes of three first modes (degree) 
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(a)  

  
(b)  

  
(c)  

Fig. 4. DDI diagram of the 1st mode resulting from 

continuous wavelet analysis of the db8 function for the (a) 

D1, (b) D2 and (c) D3 damage state 

  

  

  

  

  

  

 -�.5 . ����#<DDI 1
� ��  �� KQ�$K�*�	 � dV��)���  R��	db8 

 ���� �N�$����  (�)D1 (v) 4D2 (p) 4D3 

  
(a)  

  
(b)  

  
(c)  

Fig. 5. DDI diagram of the 2nd mode resulting from 

continuous wavelet analysis of the db8 function for the (a) 

D1, (b) D2 and (c) D3 damage state 
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(c)  

Fig. 6. DDI diagram of the 3rd mode resulting from 

continuous wavelet analysis of the db8 function for the (a) 

D1, (b) D2 and (c) D3 damage state 
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(a)  

  
(b)  

  
(c)  

Fig. 7. DDI diagram of the 1st mode resulting from discrete 

wavelet analysis of the db8 function for the (a) D1, (b) D2 

and (c) D3 damage state 
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(a)  
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(c)  

Fig. 8. DDI diagram of the 2nd mode resulting from discrete 

wavelet analysis of the db8 function for the (a) D1, (b) D2 

and (c) D3 damage state 
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Fig. 9. DDI diagram of the 3rd mode resulting from discrete 

wavelet analysis of the db8 function for the (a) D1, (b) D2 

and (c) D3 damage state 
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 -�.10 . ����#<DDI 6
� ��  �� KQ�$K�*�	  dV� �N�$ )�����

���� D3 ) ���� ��� ��� ��	a(jkl1/0 ) 
b (jkl9/0 

  
(a)  

  
(b)  

Fig. 10. DDI diagram of the 1st mode resulting from 

continuous wavelet analysis of D3 damage state under the 

effect of axial load (a) 0.1Pcr, (b) 0.9Pcr 
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Fig. 11. DDI diagram of the 1st mode resulting from 

continuous wavelet analysis of D3 damage state with 

damage severity of 20% in the damage location 2 and (a) 

10%, (b) 20% and (c) 30% in damage location 1 
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Fig. 12. DDI diagram of the 1st mode resulting from discrete 

wavelet analysis of D3 damage state with damage severity 

of 20% in the damage location 2 and (a) 10%, (b) 20% and 

(c) 30% in damage location 1 
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Fig. 13. DDI diagram of the 1st mode of D1 damage 

resulting from continuous wavelet analysis; (a) hollow 

square section, (b) solid circular section 
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Fig. 14. DDI diagram of the 1st mode of D1 damage 

resulting from discrete wavelet analysis; (a) hollow square 

section, (b) solid circular section 
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1.0131E+6 Pinned - Pinned 
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Table 7. The critical axial load of the column with D3 

damage and different support conditions (N) 
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Fig. 15. The 1st mode shape of the column with support 

conditions (a) pinned-pinned, (b) fixed-pinned and (c) fixed-

free 
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Fig. 16. DDI diagram of the 1st mode of D3 damage under 

the effect of axial load 0.5Pcr and support conditions (a) 

pinned-pinned, (b) fixed-pinned and (c) fixed-free resulting 

from continuous wavelet analysis 
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Fig. 17. DDI diagram of the 1st mode of D3 damage under 

the effect of axial load 0.5Pcr and support conditions (a) 

pinned-pinned, (b) fixed-pinned and (c) fixed-free resulting 

from discrete wavelet analysis 
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Fig. 18. DDI diagram of the 1st mode of D1 damage under 

the effect of axial load 0.5Pcr with other wavelet functions  
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Abstract 
The health of structures, provision of safety, and the sense of security are among constant requirements and 

perpetual challenges of engineering and managers in the field of crisis management. Erosion and occurrence 

of minor local damage to structures and structural members in the early stages of construction or during 

operation, especially in critical structures such as power plants, tall buildings, stairs, dams, airports, and 

hospitals, among others, have always been among major problems. In case the damage sites are not 

identified timely and decisions are not made appropriately, substantial irreparable damage is expectable. 

Structures are always affected by various natural or unnatural factors such as earthquakes, explosions, and 
unprincipled excavations, which can aggravate the local damage in them and lead to their destruction, hence 

substantial human and financial losses. Therefore, it is highly crucial to monitor the health of structures and 

structural members. Therefore, health monitoring in structures and structural members is highly important. 
The column is one of the most significant members of engineering structures, especially in building 

structures and bridges, so that the instability of one of these members can lead to instability and destruction 

of the structure. Hence, design engineers expect columns to be the last members of structures to be damaged. 

In this paper, the health monitoring of the column as a structural member was performed by considering the 

effect of axial load on modal dynamic responses (i.e., natural frequencies and mode shapes). The results 

showed that the natural frequencies of all modes in both healthy and damaged states decreased with 

increasing axial load in proportions of the base critical load (the worst-case limit load). Also, at the same 
loads, the frequency of the healthy sample was always higher than that of the damaged sample so that the 

frequency difference between healthy and damaged states increased with greater severity of the damage. By 

introducing a Damage Detection Index (DDI) based on the wavelet coefficients obtained from the details of 
wavelet analyses of damaged and undamaged modes, the damage sites could be identified with a simple 

check and high accuracy by observing vibrations in DDI. Also, studies have shown that the DDIs of different 

damaged sites are independent of each other and are only affected by the severity of the damage and that the 

effects of axial load on DDI are very small and negligible. The independence of the DDIs of different 

damaged sites indicates the effectiveness of the proposed method in identifying damaged sites. Otherwise, 

failure to identify one damaged site may affect the identification of other damaged sites. The damage 

detection capability using the proposed DDI was investigated in columns with different support sections and 

conditions, and successful troubleshooting results were obtained. Moreover, investigations were performed 

with other wavelet functions, and the damage site was successfully identified. The proposed damage 
detection indicator is an efficient index in the column structures under the effect of axial load with axial 

buckling-prone support conditions and is proposed as a reliable method in identifying column damage sites 

in practical health monitoring of structures. 
 

Keywords: Structural Health Monitoring, Axial Load, Modal Dynamic Response, Wavelet Analysis, 

Column Damage Detection. 
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