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Abstract Review History

In the last few decades, laminated composite plates, due to their high characteristics Received: Sep 29, 2024
resistance and hardness, have been used in a variety of designs as structural components. Revised: Feb 7, 2026
Considering the structural complexities of laminated composite plates, choosing the appropriate Accepted: Apr 18, 2026
method to solve the equation governing the dynamic equilibrium of these plates in order to

analysis their vibration behavior has been attracted the attention of many researchers. Keywords

In the present research, free vibration of a laminated composite plate, has been investigated ~Free vibration
using numerical solution. In order to model the behavior of the composite plate, the refined laminated composite plate
Zigzag theory in which the transverse shear stress distribution is allowed through the thickness of  refined Zigzag theory
the layers and also satisfies the condition of zero shear stress on the top and bottom surfaces of  higher order Haar wavelet
the composite plate without need to use shear correction factor, have been deployed. In this
theory, seven independent displacement variables are considered and according to the continuity
condition of displacement between layers, the number of variables will be independent of the
number of layers. Principal of virtual work and minimization of the potential energy have been
used for deriving the partial differential equations of motion. The higher order Haar wavelet
method have been developed to replace displacement variables and numerically solve the partial
differential equations and calculating eigenvalues. In most of the similar researches, the use of
Haar wavelet numerical solution has mostly been discussed on beams, annular plates and shells,
and research in the field of the rectangular composite plate has not been observed. In this paper,
the numerical solution is modeled in a simple form and the equations governing the rectangular
laminate composite plate have been replaced by linear algebraic series and so, the free vibration
of laminate composite plate has been investigated.

Finally, the accuracy and convergence of solution method in analysis of laminated composite
plates are evaluated and the results of the proposed method, earned from programming in the
Matlab software, have been compared with the results of other solutions methods that mentioned
in this paper. The comparison of these results shows good accuracy compared to other solution
methods. Meanwhile, by converting multivariable equations of motion into linear algebraic
expressions, the results of the proposed method have been obtained without any particular
complexity and with a small number of collection points. Achieving the results by the proposed
method with the same accuracy as the Haar solution results using smaller matrix dimensions and
so reducing the computational cost is another advantage of this proposed method. It can be used
instead of the Haar solution method in the numerical solutions of various solid mechanics’
problems. Examining the convergence of this proposed method shows that this solution has a
good ability to approach the exact solution by increasing the resolution and collection points. It
was also observed that the dimensionless frequency index increases with the increase in the ratio
of longitudinal to transverse modulus regardless of the number of layers.

numerical method
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% Classical laminated plate theory
® First-order shear deformation theory
" Higher-order shear deformation theories
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! Equivalent single layer theories
2 Layerwise theories

® Unified formulations

4 Zig-zag theories
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3 Wavelet methods
* Haar wavelet method
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! Third-order shear deformation theory
2 Hyperholic shear deformation plate theory
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Table 1. Properties of used laminate composite plates

Width to length Width to Stacking Fiber Elastic Composite
ratio thickness ratio sequence orientation properties plate type

1 5 unidirectional [0/90/0] according to table 2 three-layer

1 5 unidirectional [0/90/90/0] according to table 2 four-layer

1 5 unidirectional [0/90/0/90/0] according to table 2 five-layer
1 5 unidirectional [0/90/0/90/0/90/0] according to table 2 seven-layer

1 5 unidirectional  [0/90/0/90/0/90/0/90/0]  according to table 2 nine-layer

S o Sl Y SV Slasiin Y J gl
Table 2. Elastic properties of laminate composite plates

Unit Value Elastic property
Pa arbitrary Longitudinal modulus of elasticity (E;4)
Pa  according to E—: ratio  Transverse modulus of elasticity (E,;)
Pa 0.6E,, Shear modulus in the x;x, plane (G;;)
Pa 0.6E,, Shear modulus in the x, z plane (G;3)
Pa 0.5E,, Shear modulus in the x,z plane (G;3)
- 0.25 Poisson’s ratio (v)

E . .
(Szl, JZZi, ZS)Q\J@‘W‘}‘J’Jjéj;Yb 4.:3,&)\.& &?,.«J,;,La sS.?yJ,MUM Y d}.k?

Table 3. Comparison between solution of Haar wavelet and higher order Haar wavelet in the analysis of five-layer composite plate

Dimensionless frequency index ()

3D elasticity solution [3]

Haar wavelet solution

Composite plate type

Higher order Haar wavelet solution

0.2659

0.2813

0.

2669 five-layer

f<:J>L§LaJi)JL4iYM \,sfmmiwsgflsgdu_,v'u awslie ¥ Jgi>

Table 4. Comparing the obtained frequency indices of the three-layer composite plate with other solution methods

Dimensionless frequency index ()

E—:: _ 30 E—:: _ 20 E—:: — 10 E—:: 3 Reference
0.3917 0.3673 0.3237 0.2609 Present method
04109 03824 03284  0.2647 Noor (3D elasticity) [3]
0.3936 0.3697 0.3266 0.2627 Matsunaga [23]
0.3950 0.3704 0.3270 0.2631 Sayyad and Ghugal [26]
0.4194 0.3898 0.3392 0.2695 Owen and Li [27]
0.3937 0.3693 0.3260 0.2621 Pandya and Kant [29]
0.4015 0.3749 0.3318 0.2673 Vuksanovi¢ [13]
0.3941 0.3667 0.3264 0.2623 Nayak et al. [30]
0.3928 0.3688 0.3258 0.2620 Zhen et al. [31]
0.3927 0.3691 0.3262 0.2621  Marjanovi¢ and Vuksanovi¢ [32]
0.3840 0.3640 0.3252 0.2646 Belarbi et al. [33]
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Table 5. Comparing the obtained frequency indices of the four-layer composite plate with other solution methods

Dimensionless frequency index ()

E E E E Reference
M _39 M_9p M_q9 1_3
Ezp Ezp Ejp Ejp

0.4076 0.3791 0.3249 0.2622 Present method

0.4109 0.3824 0.3284 0.2673  Noor (3D elasticity) [3]
0.4117 0.3817 0.3312 0.2625 Karama at al. [24]
0.4122 0.3821 0.3314 0.2626 Mantari at al. [25]
0.4119 0.3821 0.3319 0.2634  Sayyad and Ghugal [26]
0.4109 0.3811 0.3309 0.2624 Phan and Reddy [11]

s J= sl s b A.NG:.; S 0 amio odalows & 5 sla el e £ J g
Table 6. Comparing the obtained frequency indices of the five-layer composite plate with other solution methods

Dimensionless frequency index (Q)

E1q Ei1 Eq1 Eq1 Reference

Epp 30 Epp 20 Epp 10 Epp 3
0.4343 0.3898 0.3379 0.2669 Present method
0.4314 0.3979 0.3409 0.2659 Noor (3D elasticity) [3]
0.4216 0.3901 0.3362 0.2638 Matsunaga [23]
0.4288 0.3950 0.3385 0.2644 Sayyad and Ghugal [26]
0.4370 0.4030 0.3453 0.2699 Owen and Li [27]
0.4258 0.3930 0.3375 0.2641 Kant and Manjunatha [28]
0.4208 0.3893 0.3354 0.2631 Zhen et al. [31]
0.4269 0.3939 0.3442 0.2684 Vuksanovi¢ [13]
0.4257 0.3929 0.3372 0.2636 Nayak et al. [30]
0.4219 0.3918 0.3396 0.2683  Marjanovi¢ and Vuksanovié¢ [32]
0.4300 0.3966 0.3404 0.2662 Belarbi et al. [33]

s J= sl g, L aVois S e amin okel s & e85 e yaxls alis V J g
Table 7. Comparing the obtained frequency indices of the seven-layer composite plate with other solution methods

Dimensionless frequency index (Q)

E E E E Reference
ngo £=ZO £=10 ng
) Ez; Ez; Ez;

0.4426 0.3991 0.3438 0.2689 Present method

0.4421 0.4055 0.3443 0.2664 Noor (3D elasticity) [3]
0.4412 0.4093 0.3450 0.2667 Sayyad and Ghugal [26]
0.4386 0.4022 0.3417 0.2646  Kant and Manjunatha [28]
0.4379 0.4015 0.3410 0.2638 Pandya and Kant [29]

)-<PJ> s g, b aVa ;'As,ammk,wgfﬂsgéuu&;u awslie A J gl

Table 8. Comparing the obtained frequency indices of the nine-layer composite plate with other solution methods

Dimensionless frequency index ()

E E E E Refi

ngo izZO £=10 jzg ererence

Ez, ) ) )
0.4457 0.4027 0.3461 0.2697 Present method
0.4421 0.4055 0.3443 0.2664  Noor (3D elasticity) [3]
0.4376 0.4016 0.3414 0.2645 Matsunaga [23]
0.4263 0.3935 0.3378 0.2641 Nayak et al. [30]
0.4362 0.4002 0.3402 0.2636 Zhen et al. [31]

04418 04042 03427  0.2650 Sayyad and Ghugal [26]
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Table 9. Examining the convergence of the frequency indices of the five-layer composite plate (h =3,5=1)

Ez2

Dimensionless frequency index ()

Rate of convergence

3D elasticity solution [3]

Numerical solution  Composite plate type

J=2 J=1

3.991 0.2659

0.2669 0.2818 five-layer

gﬂiﬁmcjﬂbjjb)a A.YC{ \_,SJAW\ 4.]}»..’:4.:.‘4}.5_7« sJstbu JLA) AK J}J?

Table 10. Computational time of the five-layer composite plate with different resolution (% =3, s=1)
22

Computational time (s)

J=2

J=1

Composite plate type

7038.33

125.45

five-layer

Table 11. Elastic properties of fixed laminate composite plate

Elastic property

Unit  Value

GPa

GPa  12.753

GPa 4.434

GPa 4.434

GPa 2.497
- 0.25

224.649 Longitudinal modulus of elasticity (E;;)
Transverse modulus of elasticity (E,,)
Shear modulus in the x,x, plane (G;,)
Shear modulus in the x, z plane (Gy3)
Shear modulus in the x,z plane (G;3)

Poisson’s ratio (v)

oS ol b S e e Voler amio dn 05 S5 e la VY Jgdr

Table 12. Dimensionless frequencies of a fixed four-layer composite plate (% =30, J=1, s=1)

Numayr et al. [34]

Present method Mode number

0.9001
1.3150
2.1395
3.3076

0.9043 1
1.3913 2
2.5311 3
3.4376 4
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