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Abstract

Beams placed on elastic foundations are widely used in simulating a main portion of
mechanical and civil structures. The buckling behavior of these beams, including the load and the
shape of the buckling mode, is different from normal beams due to the loads imposed by the
elastic foundation that is proportional to the beam deflection. Due to their functional modality,
these types of beams are generally subjected to repetitive loads (such as railway tracks) and
extreme environmental conditions (such as piles and buried pipelines), making them susceptible
to damage such as cracks. The presence of these flaws along the members can lead to premature
failure of these structural elements due to buckling in the damaged area. Evaluating the stability
of such structures considering structural flaws is essential for ensuring their safety. In this
context, this paper presents a new method for calculating the closed-form solution to the buckling
of cracked beams on elastic foundations. In the proposed method, a concentrated moment is used
to model the crack and apply the slope difference caused by the crack at the damage location.
Then, the governing differential equations for pin-ended beams are derived, and by using Fourier
expansion and calculating the value of applied moment, a closed-form solution is presented to
calculate the buckling of beams on elastic foundations. Using this technique for crack modeling
makes it easier to solve beam differential equations and achieve a closed-form solution for
calculating beam buckling load. Finally, the effects of different parameters such as the bending
stiffness of the beam, length of the beam, crack depth, and stiffness of the bed on the buckling
load of the beam can be studied. To verify the proposed solution, the results of solving closed-
form equations are compared with the exact solutions of simplified problems and the results from
finite element models, which confirms the accuracy of the performed calculations. As the current
solutions to the buckling of cracked beams on an elastic foundation are mainly based on
numerical or finite element methods, the presented closed-form solution in this study can
significantly contribute to enhancing the accuracy and facility of calculations in the design and
analysis process for such structures.
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Fig. 11. Buckled shape of the models in Table 1 in FE analysis

(V) oty b s s Oladl sladd gas Si3laS )L aslis Y J g

Model I El B & m k—z
(m) (M) (kg.m?) bed "Eq. (21) FEM

1 20 01 175 0302 10 632 6.28
2 20 01 175 0304 10 621 6.18
3 20 01 175 03 06 10 559 564
4 20 01 175 01 06 10 565 570
5 20 01 175 0506 10 559 5.65
6 10 01 175 03 06 10 560 5.67
7 5 01 175 03 06 10 6.05 6.07
8 5 01 175 0306 5 422 426
9 5 01 175 0306 1 186 188
10 5 02 1400 03 06 1 1.62 1.65

Table 1. Comparing buckling load FE models with Eq. (20)
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