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11. Decoupled equations method (DEM)
12.Radial basis functions (RBFs)

13. Enrichment

14.Conical

15. Thin plate spline (TPS)

16.Gaussian

17. Sinusoidal

18. Multiquadric

19. Inverse multiquadric

20 .Fourier

1. Boundary value problems (BVPs)

2.Finite element method (FEM)

3. Boundary element method (BEM)

4. Scaled boundary finite element method (SBFEM)
5.Meshless methods

6. Connectivity

7. Element-free methods

8.Boundary node methods

9 .Boundary point method

10.Meshless local Petrov—Galerkin method
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3 Compact support (CS)

1. First kind Bessel function (J-Bessel)
2. Complex Fourier
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Fig. 1. Three-node element in the natural coordinate system
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Unknown Lagrange Spherical
Node Boundary Shape Hankel Shape  Exact
Value Function Function
1 q (left 50.3145 50.0004 50
boundary) (0.63%) (0.83e-3%)
2 u 150.0000 150.0000 150
(0.94e-13%)  (0.72e-12%)
3 q (right -50.3145 -50.0004 50
boundary) (0. 63%) (0.83e-3%)
4 -49.2167 -50.0015 250
q (1.57%) (0.30e-2%)
. q (right -50.3145 -50.0004 50
boundary) (0. 63%) (0.83e-3%)
6 u 150.0000 150.0000 150
(0.32¢-12%)  (0.19e-12%)
7 q (left 50.3145 50.0004 50
boundary) (0. 63%) (0.83e-3%)
8 49.2167 50.0015 50
q (1.57%) (0.30e-2%)

Table 1. The results of proposed spherical Hankel shape
functions, classic Lagrange shape functions and analytical
solution for the first example
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Fig. 2. (A) Geometry and boundary conditions of the
rectangular domain with the Laplace differential equation (B)
The discretization of the problem’s boundary by using four
three-node spherical Hankel elements
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Unknown  Lagrange Spherical
Node Boundary Shape Hankel Shape  Exact
Value Function Function
! d (319..18054"2) éig% 1.8360
? a (113;.56816"2) (3;2232) 1.8360
’ a (319'.18054"2) (:..%172/70) 1.8360
! a oty 0y 18360
> d (239.?6199"2) (0,21.3:_?% ) 2.3281
° a (izggg/z) (g:g;g/f) 2.3281
7 a o) (0. isensy 23281
i a (4.88%) Oy 231

Table 2. The results of proposed spherical Hankel shape
functions, classic Lagrange shape functions and analytical
solution for the third example with Poisson differential equation
using four elements
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Table 3. The results of proposed spherical Hankel shape
functions, classic Lagrange shape functions and analytical
solution for the third example with Poisson differential equation
using eight elements

ay

SlasS G S0k Lleds B (¥ 5 Y) Jslo j3 s 5w
PR PEICU L B P B W B | CCH R Wt PR e
Sl b pin (Koales GILSY JSG 0l b alis
Oladl Sl 5l eslanad CJ= s e ol s ssls s

ol s dbales b IS8 Ky o35 (650 Loyl 5 aitin (D) Y IS
S aw Ol ez Sl eslinad b altens (slay e (gtuoledl (&) 0 gl
o Ol et ) eslind U bt sl e sdwoll (O 55,5 [Son

SaS JSa 25

3

7 4
8 \2
11
10 12
9 13
1 6 " 5 1 3
15
2 4
3 2
(B (C
(&) (&)

Fig. 3. (A) Geometry and boundary conditions of the ring-
shaped domain with Poisson differential equation (B) The
discretization of the problem’s boundary by using four three-
node spherical Hankel elements (C) The discretization of the
problem’s boundary by using eight three-node spherical Hankel
elements
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Abstract

In this paper, a new boundary element analysis for the modeling of two-dimensional potential problems is proposed. The
boundary element method is reformulated here based on spherical Hankel elements for the purpose of approximation of
the state variables of the Poisson and Laplace differential equations (potentials and fluxes). Spherical Hankel function is
obtained by combing Bessel function of the first (similar to J-Bessel ones) and second (also called Neumann functions)
kind so that the properties of both mentioned functions will be combined and result in a robust interpolation tool. The
interpolation functions of the boundary element method are obtained using the enrichment of the spherical Hankel radial
basis functions. To this end, the expansion of a function in which only the spherical Hankel radial basis functions
approximations are used have been given polynomial terms. Generally, radial basis function (RBF) is an efficient tool in
finding the solution of non-homogeneous partial differential equations. Its main idea is the expansion of non-
homogeneous term by its values in interpolation nodes, based on Euclidean norm that leads to obtaining a particular
solution. Although the J-Bessel RBF contains the features of the first kind of Bessel function, it usually cannot represent
the full properties of a physical phenomenon. Therefore, using the combination of the first and second kind of Bessel
function in complex space (Hankel function) may lead to more accurate and robust results. In other words, the solution
of Bessel equation can be referred as a prominent usage of both first and second kind of Bessel, which shows that using
them together may result in more accuracy and robustness. The aforementioned discussion brings this matter to mind
whether it is possible to present RBFs that benefit from both Bessel functions of the first and second kind. Therefore, by
the idea of combining spherical Hankel in imaginary space, enrichment of them for a three-node element in the natural
coordinate system is explained in this paper. Moreover, the algebraic manipulations and formulations are reduced because
of profiting from the advantages of complex number space in functional space. It is also possible for the proposed shape
function to satisfy both Bessel function fields and polynomial functions, unlike classic Lagrange shape functions that
only satisfy the polynomial function fields. Moreover, the proposed shape functions benefit from the infinite piecewise
continuous property, which does not exist in the classic Lagrange shape functions with limited continuity. The spherical
Hankel function of the first kind has a strong singularity in its imaginary part, the spherical Neumann function. This issue
results in the fact that when the Euclidean norm tends to zero, the limit does not exist. In the following, an extra term with
power N +1 is applied to remove this singularity. After the elimination of the singularity, the limit state of coinciding
source point and field point is calculated. In the end, to demonstrate the accuracy and efficiency of the proposed shape
functions, several numerical examples are solved and compared with the analytical results as well as those obtained by
classic Lagrange shape functions. The numerical results show that the proposed Hankel shape functions represent more
accurate solutions, using fewer degrees of freedom, in comparison with classic Lagrange shape functions.

Keywords: Spherical Hankel elements, Boundary element method, 2D potential problems, Poisson's and Laplace's
equations
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