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Fig. 1. Discretization of a cracked beam using one-
dimensional elements
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Fig. 4. A cracked element including two sub-elements and
a rotational spring [23]
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Fig. 2. Modeling of cracked element with a rotational
spring
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Table 1. Material and geometric parameters of cracked
reinforced concrete beam strengthened with composite sheet
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0.3 4.70e-9 2.12e8 0.0013 0.1602
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Table 2. Rotational spring characteristics in terms of crack
depths
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Abstract:

In this paper, a numerical method is presented for crack modeling in the opening mode in which a vibration
analysis for cracked reinforced concrete beams strengthened with composite sheets is carried out by using
the fundamental relationships of fracture mechanics and finite element method. A one-dimensional beam is
assumed to fulfill the finite element method in which two degrees of freedom (including the transverse
displacement and the rotation) are considered at each node. The Hermitian shape functions are applied to
interpolate the displacement field. The effects of composite sheets, steel bars and cracks are investigated in
the analysis of the Euler-Bernoulli beam by correcting the second moment of inertia in cracked and
uncracked sections. In this study, the cracked element is divided into two sub-elements. The continuity
conditions are defined by equality of the transverse displacement, the moment and the shear force at the
right- and left-hand sides of the crack point, while the rotation at there is different. The equations of the two
sub-elements are connected together by continuity conditions in the point of the crack simulated by a
rotational spring. The stiffness of this spring is regulated as a function of the stress intensity factor. This
factor depends on the parameters such as the location of the reinforcement, the distance of the composite
sheet from the center of the cross-section, the crack depth and loading conditions. This technique of the
problem solution called as “Conversion Matrix” is implemented in the cracked element according to the
expression of the displacement of the two nodes at the crack point in terms of the displacement of the basic
nodes of the same element. The stiffness and mass matrices of the beam are enriched by inserting the effects
of composite sheets, the steel reinforcement and the crack in the equations. These enriched matrices are used
to implement the vibration analysis and the derivation of the natural frequency; for this purpose, an
eigenvalue solution including the enriched stiffness and mass matrices is carried out to determine the natural
frequency. In this research, the effects of the crack depth and location, boundary conditions, the composite
sheet thickness and the cross-sectional area of steel bars on the response of the natural frequency of beam are
discussed. The results show that if the crack depth increases, the value of the natural frequency decreases in
which the natural frequency can be expressed in terms of a function of the crack depth. Also, increasing the
thickness of the composite sheet results in increasing the natural frequency of the cracked reinforced
concrete beams, while the effect of the diameter of the steel bar is negligible on the natural frequency. In this
paper, three boundary conditions of simply supported-simply supported (SS-SS), clamped-clamped (C-C) and
clamped-free (C-F) are applied in the extraction of results. In the C-C boundary conditions, if the crack is
situated at x./L = 1/2 and 3/4, the effect of the crack on the natural frequency can be ignored. The accuracy
of the results is ensured by performing a full analysis in Abaqus software. The comparison of the results
shows that the proposed method is appropriate for analyzing cracked reinforced concrete beams strengthened
with composite sheets.

Keywords: Crack Modeling, Vibration Analysis, Reinforced Concrete Beams, Composite Sheets, Stress Intensity
Factor
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