s T ke e
o Olies pudige
VWAV Jlo F o lacd ondons o553

3 o3l b yEWlo dusl pis 30 (Giwo ) 03 T U 32> SO S jlude
(IGA)SS yogd 59 9 b9 5

. . Y* .. \ .

FUVCSSW) oKiisly ck_j C)Luo Cu o g (owdigeo dw») Jw.d)‘ L;»L.w)lf dwl) -
iy K513 ¢ yoe i 095 sluiils —Y
Wiy o8I ¢yl yas awdine 05,5 HLobuol -

*Akbarpour@birjand.ac.ir

[AVIYAT 8 s e

[qo/\ \/-\] C,JL}_)} @)U

o>

. *

e 3 0305 55 éﬂéuhiﬁjﬁbdéb— OVslas 31 slas sams dhows 4 ool 3 ol Jde Lo s Sl ol ol

S3die 3de la gy bu s 5 sl e a8 L s fedl i d:m&AML}Sé\J{ adde cpl 5 353 e (giluand (s

)@LLA .]al\f,l): J.:A)ﬁ) UT &)Llj" AR PSS b,i.&)}l w‘): QJJL;GJ?'Q;«-A u}.b uj:j_/x})j.)m L;\j’" Ji)) > gd>en J«éLﬁu Qjeuz.ﬁs

o3l Ol o 5 (NURBS) 525 ol sl s el y G e 8555l s 31 alsbne ol o g 003 S 513 andllas 35 50 ST Ol s

v_?e;-ui:j)é)_ﬂ)'\abu.i_wl:\:QL&JGL:J.J._.iv_:_wj.?j4.'._.»L>uu_;.:A)').i)'gi&)&&ﬁubolﬁidlﬁuﬁj)dl.M

osb 4 el VL G35 adin bl 0l aulos 325wl ol Sl eslinal W w0 OF 035 5 1alS (6 St b 4 ) Sl

Aol o #7804 50/ Y0N L 5w Sl e ke Hde gl e gl Sl oS

el ot al wls bl Ol QB AL Lyl s (WS OB 319

53 sdezmy Sl OVslan Ol o 3, cpl 5 s 5 slS
G3e Sl b, 5l o ased J= L psde fse slaes
ydowe gl fgy gl JolE s, Sl XSl B pme
Oab gla fss Kl Sld gla fgs 5 asdee BB 2y,
Jlis a5 el (5,505 oS e B, pl S e
Fladr SUKG Ll 5 V0 Co s o LlS sl
3L Ulos e A3 (gl sy oS 5 5 Bl o 5l

195

dordo —)
}r‘}_lﬁ (_5[._&4_.«.0)‘)2 e)l)_».ﬁ‘\.j&:n—wl L;le_«.wc u.ij_';v.@.d
e der s (9l ol la s el Jo e
©ode sla gyl ol sleiy SVWslae i | 6l
“@e)jﬁ\j&‘w\b LSJ:.<A.~19; A LAJSM[S)}@JQL



LK 5 (558 4 e

el el LBl Ll s s e s of 0L > osde g5l

A p s pp ok aadad lalor o aly w5 4 i U
RPN LONED Sy R P C)A...p\j L g e 03l o =
$20 le el 5l sy s game G Ol 5o ) (5l o
3 ki glaglls oS 5 S8l iles S el 5
el SO a5 T oy 3 o gla Ul
o L QU5 i ol sdes (Shs S Sle
Aol e 53 Sl als s 5l SLLS 3s
[4] el o 5 4 0
(SIS b s ay psb 4 OIS e 2 s
5SS el Sl SO 5 dige o5 le
G Ll g5 Blae o (6 ie o5 50l IS O1,1SCen
0L 5 B coman [5] Ws S &S5l O sl 5y dslan Sl
S e 53] LT a5l eslizal sl o le 5 LIl SO
3 A (Al A0 500 4 O5alsy Slms 53 adolae J Sl
o (1 43 w5 s Sl s ealhe 5 OIS
b 53 S5 g 5 Bl J> Gl SOl S
Sl et 53 S e 93L 1 Ll sy 5 eslizal 5 Koloas
SV a5 oolgiy Gy olS U550l yascise
S0 et 5 Sl s SeS 4 S5 gl
5 e [6] sl 13 o 5 g0 4Bl ane 5 3 sdee (gl
A8 b |y o s G s ol (6l O)Sen
3 slae samme rL?L}l S s Sole ol 536 5y, ol
S ie a5 oy s esls B lie w555 elisS Jol
S OSen 5 Oa5 (TS dome (Dl 2 mlaw sl (61
Pl b 0L Bl ST sl S s
Cs sk wols el b iy ol s S eslinl
il Jlias |y e e s e eI g s o YL
L cpi b= L B o=l sl 5 La S
OLLSan 5 4l [8] i esls Ol Cilisen 3l go Dl st
Shestial U S8l &l s wes s o Oz andlas 4
D3 LR 4l s g Ol o a5 L S R S5 5 A
S s s Ol les Glbl s B LB e a8 Gl
53 el R 5l DL s Al o Saals L

o=l e Bls Sl (olns 0 B > ©l e
L et S 1 ool amps Calgn b i SO 3,
o3l OF o s ol B o3 8 LS 55dme (gal3T il s
FISY Cliss b wly 5lasdoms Gl oo 53 255 5
e A8 el o sl (Sl S oy po 4 e
Lol 3,8 e Sgo ol ol b ain 5 > slias (g5l
Sl 1y (g dds S 3 awdin L5 ool Sy
2] 1l
S u g Yero JL.,J)>\Q_.A.\;AVA Jels S
Sliorl S lss s 25750 S 05 6 N e
ooy o=l fu [Blas 2 me ($ 550l S (lwdde 5 35d0ee
ol 3 gz Ol 295 55 S el )L s 5 ¢ e S
Mo, 53 amdid 335 oo 88 53 4y LIS @ 4l &l
s s oml s oml S s e 4B 8 S w5 S
S35 Slbes SLags sk 55 e ol TS 5 553550
Jebs s 4l Ol a LT 51 0lss e oS 515 55
o ol Sl S sl e 55
awkin Glag sl opl 035 5,08 5 Jds 4l 4l Olse
Dl OBy 5l e >1b 03 llomse
33 s b Sl e S sla BN 1 Ol e
J_i\)\j VAT aas s C‘}h‘ﬂju&w PR 5 daw s
(v-:-:))—ﬁ‘ uﬂL_le__, d}’\mﬂl = Aiti @b; g rL} VAV aas
Sl e sl 22550 daly SO b s m
e 3 S el (g3 sl ), SIS 8 s -
S s S A el (o p 03 Vel Sla s
bLE (4 0) s e L OIS o b Vel 2 s
OO P P RSP RO vt S PP
S 53 01 ool slis ot LSl 4l ass

Sl b S Olge ay bagy 5l J a8 bl o4 035 0sls

196

1 Isogeometric Analysis Method
2 Isogeometric Analysis

3 B-Spline

4 NURBS

5 Bezier

6 D-Boor C.R.

7 Control Point

8 Knot Vector



NG\ WA e)w/r.th;AAJjé

oote Ol jes wdige g — ode doe

N - S RU L R FRC VP PV BT
sl sdalie &_»?A)J-.{) UT C}G—“} S9h e J_.pw Ji’})

b 59y 90lge Y

anlllan 5y g ailaie =)
532034 Ll s 5 9 03 5doee 55 i o s Ol
Ol 53 3,559%44" 158241 LLal s Jsb 5 Jls 3308
s Oyl Cambge (V) JSE ol i § 413 g Ol &

Aas e Al |y e

(rbie Osd)dir o Suds oLl aer Cond e —Y ISS

Legend
Aquifer [ |
|Birjand plain [

FIG. 1 Geographical location of Birjand Plain (without scale)

Calis bt 5 ae e kS Y0 Ol Sl

o VA Oyl ol e 53 ol e Yo OF gL
53 Ll b e 45 ol ol daline ol Vo 5 iy
330 5l a8 Gyl il BB (Y) S
5233 O mye e sk VAT &S il e e LS YEAA
Sl Gblw g o o cldn cl Ol 2

(e 03) 650 Jasl 2 5 Ol gl avin Y IS

e

RTINS >3

Legend
2. Extraction Well
y Observation Well -
‘g‘l“;, L Buul}dar)" condition A
&% Aquifer -]

Fig. 2. Aquifer geometry and boundary condition (without
scale)

19/

ol S e b e 5 o 0Lz Bl 53 o
Sl ODSes 5 ol & oals [0] ol Side Jows sl
5 s Smesisnl G ke ) Jadse b s gl
O ol aS 8l LI 5 sls 3 addllas 550 5 5l
J10] cod S gdie Hlid Ol s gilwand 4 530

Ao e Ol Gy g3dane Sldlas | ladle s
S YOV T dls 53 0L 5 dolo ol a3 S 50
Sestial L 1y Olssul Lol 3 (s 5oy &5 0L ool
LT [11] A gad aigy adia o (S3lutingy o 55!
b gluang (.;wij\ Sleslazal LYoYe Jlo 53 pioean
3l g ) i iz Ol (Salysssiten (sle el
So13pe g o e pskaie 4 LS 5 (Slanes [12] L5 50
Sl Sl e 5w 4 s Jae SO i 5 2 oy
5 3hmen [13] U5 S Sl a0 Olssul gl o e
ool o s o Ol (g5l 42015 Jle s Ol 1Ses
pde by oo 3 ke 153 p 555 MODFLOW Jute
0 OLLSes 5 sdnw [14] aestls ; GLUE 5y, 4y Coalad
Lyt s Oyl el 5 O e YoN0 dLe
Cl_a'.-")\ sls ol cl_:.. A S awles 5L & XS 51 eslaa
FALS s s Gl s ) o e
ol g 2013JLe 55 5 OLSGes 5 Olilr 3 [15] b e
5 MODFLOW (gLadiie 3l oslinal b 1y ol gl ol e 5
Jlo 53 LS 5 ooiies [16] s 503 (5 5Led s WEAP
Ol s s (e s 2l 0L g5l 4 2017
Oyl s B0k Ll 5 s S ISy e 4SS
[17] Lty Lo o Sl

23 e 2l Ol ildde Jras ol 5l Gl
iy 3 eslinal b i s ST Ol 53 S8l Ll 3
SR s ol 03 055U o el a5l LT
S0 adsles Can s £ [RCHRPUNE SO U VNGO I Wt rt?,_;\
3y se Ol gl adin 5l eslital b e 5 A sl LS
AT 3 5 amalme O Slinte 5 525 5 el g 4l il
Jlas! 51 s Ll s .3 S 513 eslanal 5550 G 253555

Ja_w)s bMIw&wﬂ)ﬁ)uic)Ldew &)JA Ja.ilJJ



LK 5 (558 4 e

el el LBl Ll s s e s of 0L > osde g5l

K(E) = 5L a5 Sl n Lot b ool g by ol 5 ¥ IS
1

0.9

S \..._
02 04

fig. 3. B_spline function constructed with open knot vector

k() =

08 08 1

20 g 3 58 S 3P s S SEM) S e

Dyh o Ol 3 Sy 4l g

SEm) =X, S RPA(Em) Py (©)

qu(f N 5 Cegrss 5 J,u8S bl olas P

'ﬁ%ﬁf}@)ﬂ@)%ﬂfﬁ@ﬁjh@@c‘}:

1 g
pa Nip(M;j qmw;
R (6 m = i Nip@OM; wyj V)
=l e M) 5 Nip(§) csimss O35 W &S

N S 532G a0 5l 5§ S P e Sl el o 4l
2 S e S L (Y- 51=1) slad e 3 51 M0 (7).l
o 3 K(E) 28 s ad ola S5 S K(n)
&S e
&P S eslad b Ol on 1) (sl o 4l ol Sl
s el as s Ol 5 ol s 2l 2 b

Ay B o (Y-8 5V =8) Jaly, 0oy 22550
SP a3l gl ades s SOl fli A3 i

Bl LS 5 Q)yqo\j&K(f)JAJf)lsﬁ

zp(f) = zp 1) - i+1,p—1(€) V)

Siapt1~ f

198

0555 Julos Y=Y
&l Sl e S 5P Az S LEm) g s

J 8 bl 5l gl 4 samme OF ol b 4S5 5 4 el 35

e

[19] Sl 0l 631

€)= X Rip(§) Py M)

Dyt e ) Doy d s Sl

N;ip(©w;
T Nip@w;

Ri,p (f) = (Y )

J,S ada al] sla el esls ol Jho 2 O5swy; S
§ gz P 4 Sl epiie ST Bl o aly w653 Ny (§)
D a5 3l ke s il w5 3l (sl some ot (s o
sld 3 ad=sldel 3l sl e Jg LKE) a5 s,

S Sosk 4 asd e 2 EE[01] (s el

k(@©) ={¢ =06, ., (*)

fn+p+1 = 1}
ssi e ekl oS el i 4 oS
SIS oL a8l slesl s sl s Lse S S
sl e WJUT s PP W | PN S PR T
Lol b it sl 5 550 bl 55 s S WS S
esbiul 5L a S ls o bosas (bl
S Okl 4l U (A S Ul s L (B 55 s
tslms 5 (g3= (WSS 2850 ety Lo 5 Nip (8) o e

‘ﬁ Sodr? S

Dyt
: _1r€isf<€i+l — _
Nio(§) = {0 otherwise forp =0 (€=1)
LO(SC) f il Nlp 1(9) +MNi+1,p—1(f) forp>1(-v)

Sivpr1—Eiv1

ﬂ)sjpdaﬁ)l;ﬂjlaﬁu}b&%\&qg @U
el s Gl slhls SOl slas slgnl oo

[8] el sdaline LU (¥) Ko 55 (5 el (slad (slgal



NG\ WA e)w/ﬁWAJJJ

oote Ol jes wdige g — ode doe

S 33 0k (STl SVlne (g5l S Y
S 8533 G\

Cofanl adke 53 0L p @Sk Ol Sl Jae dsle
as S s p5 e 4T =00 S 50 LA a5
Py
+%(kZHZ—I:)=R )

a kHaH +a kHaH
ax(" 6x) ay(y 6y)

H s Sl colis 500l slaad go ky ky ky oS
L s olSandss ad e R 5 (XY2) adoi a5 Jowily L
el Ol (e b e Do b o 5 ) oS adss
o gLyl i boplsl Y b 3131 a0l s
ol 03 Ol adslas o (gl S o i i3
S e S bl s A Ul s s I
217 5w sle

el GBI 0L o (L

O [ S RGWC Ty N PEN WS (0

ﬁwﬁ Aslas 5 ooy Ol b lll S gldsles
0 s S Al S0k 5 dass OL 2 sy Bl 5 o
Dl el anle il
3} 0H

k. H kHaH R
3 (bl 5.0 + 5 Uy 5 =

SEREPIREY <kx =ky) San Ol B 8 s L

Bgh pesle 3
9?H? 9?H?
%) () ==

v
Blas sy an OF) adsbae (g3lwar S 55 bs

()

IJ)&@ J.a&ﬂ) SRRV REIRRE ;1}%\ v”)j L;Uha.l.’»La.}l{
[owik (5 + (OF)

0x?
Syt o oles s e (SIS 51 eslizad L

IJ)...f:Lfc oslu J'.’.)

HZ
o )da =2 [, WiRdQ

ow; _ dH?
X ——dQ + I

k[f.W; o 2 ar — fg
awl

2
Wlaaiydl“—

(\'¢)
sl ol bosyls b O i s DLl o

Db hS 3 ose

199

By el Doy po 4 YL Slile 4
k
Z—,gzvi,p(f)=

g G N2 () -

dak

(; Nivrp-1()

o w

OG5 il Sl ln S e SUSS BB 5 5
ol ol i sl BT oyl oS Oles A 358 i S Sae
i 2k s Do [0] 050 e 8 S 5 ao SIS
55 4D 5 Sy g 4 IS

YiciRip (§) = 1¢02 5 Al 5l Sy —

Rip(§) 2 0 (03 il -

Srligie LB DL p-m poars b w5 -
sz 03 & 0,8 LSS sl my oS Wyls & 0 S (S At g
Al 25

Rip(§) ety o8 das o O3 Sl ) ome ity =
Slp e 8l 15 S (g aw 5> Sl [0 Gipaa] o3l 0o
Sl cld @+ DX @+ DX +1) ot a Sl S
o 0L s J2S blE S sl
Bloew(r+1)

ol sl s e e Sl (S0 0355
Sl le O slas 8 51 =

Negp =@+ 1) X(q+1)X

S

T 5 e S ORI 5 B aloe -

Tl 5 e Gk e -

22 Sy Bllaxil (Ll skie & J 28 bl 05 S 6Ll -
[0] (M 5 5 G3s (Ab )8 e

K(8) ek, K, ] o, S s aulp SIodhe s
Lo, S Oag58l a0 el 155 diikr J 8 aba el i 005 3L
3 o deloe 5 alaly Gl 5 edls Jllel Q

Qir =% Qi1+ (1 —X)Qi_17-1 @a-v
0 i<k-p+r-—1
= i,k—p+r£i£k—s a-Y)
§i+p—r+1_$i

1 izk—-s+1
SMa"li@‘j:‘\e-).}pcoﬁéu‘aﬁoxﬁ?ﬂ).}o}\{w.\;‘k‘\s

.w‘@;)bﬂ‘)bb&i@u\oﬁ)\ﬁb‘w



LK 5 (558 4 e

el el LBl Ll s s e s of 0L > osde g5l

Sl L G Sl e a s O 515 alons @315 50
..))‘.D QT kJ‘;b‘ 4.]9.5.! )L@.?:- DL

S 785950 iy @il (gys F-Y

Ol sldie 53 SO e sl o oLl sk 4
03 S 33 bl S s 6y seme B8 Ol g (2l ol
s oll oh awdn [28] A S L s Bk Sl
(8) J5d 5o el iy 53 p 55 5l &S s (55,0 Ll 3
el sdalie LG

200X \ "

\{/ ‘\[/ AN
(015) (15.15)
1
‘\/\—*'5‘
k200y
ew‘
Y (0.0) (15.0))/
X

fig. 4. Aquifer geometry and boundary condition

S e85 s b edal s e 5 Dl el N g

Exact

solution Hepm(m) Higa(m) Y X Num

0 0 0 0 O 1

0 0 0 5 0 2

0 0 0 10 O 3

0 0 0 15 0 4

0 0 0 0 5 5

333.3 333.4 333.3 5 5 6

666.6 666.7 666.7 10 5 7

1000 1000 1000 15 5 8

0 0 0 0 10 9
666.6 666.7 666.7 5 10 10
1333.3 13334 13333 10 10 11
2000 2000 2000 15 10 12
0 0 0 0 15 13
1000 1000 1000 5 15 14
2000 2000 2000 10 15 15
3000 3000 3000 15 15 16

Table 1. Groundwater level by isogeometric method
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Fig. 6. (1) Initial control mesh (2) Final control points and
element placement for aquifer geometry
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Abstract:

Solving the governing equations of a system is the most important issues that is always discussed in science
and engineering fields. Since there are few equations that have analytical solution, many numerical methods
have been proposed for solving the equations that have no analytical solutions. Numerical methods are
developed by the advent of computers. Today, with using computers and these methods together,
complicated equations in diverse areas can be resolved. Several numerical methods such as finite element
method (FEM), finite difference method (FDM) and meshless (MFree) method have been suggested for
solving partial differential equations. In this study, Isogeometric analysis method is engaged as a humerical
method. Isogeometric analysis was developed by Hughes in 2005 in order to eliminate the gap between the
world of finite element analysis and computer modeling. This method uses the same basis functions, in the
process of modelling. 1sogeometric method provides the possibility of simulation in irregular and complex
geometry domains and also removes errors due to the multiple elements. Two variable NURBS basis
functions are defined by B-spline basis functions. B-spline basis functions are calculated by the Cox—de Boor
recursion. In this study, Birjand aquifer is modeled in two dimensions by the Isogeometric analysis using
four-point Gauss integration method. After creating the geometry of the aquifer by control points and knot
vector, NURBS basis functions and their derivatives were calculated. Then, with using input information,
such as hydraulic conductivity coefficients, boundary conditions, precipitation rates and the sources and
sinks, water table is computed. In order to allocate hydraulic conductivity coefficients of the aquifer, the
domain is divided by the GIS software to multiple homogeneous Thiessen. According to the location of
NURBS elements in the aquifer, a value has been assigned to NURBS elements. In Birjand aquifer there are
boundary conditions with constant head. There are 190 wells in the Birjand aquifer, the Extracted water from
the wells were used as the discharge rate in the model. Also, 15 percent of the amount of rainfall was
considered as the recharge rate in 2011-2012 period, the value of recharge rate is 0.0000727 m/day based on
rain gauges. In order to ensure the accuracy of modeling the results of Isogeometric method is compared
with finite difference method solutions and observation data, the relative mean error of Isogeometric method
is 0.000256. In order to evaluate the model, three criteria is calculated. Mean error (ME), mean absolute
error (MAE) and root mean square error (RMSE) whose values are 0.09, 0.34, and 0.459 respectively. The
values of the error and computation time has shown the power of this method in modeling of groundwater
flow. Finally, Birjand aquifer groundwater balance was calculated using the input values, extracted water
and water storage in plain. By studying the model balance and actual balance of aquifer and comparing them
with each other, it is determined that the change in the volume of the aquifer in the time period considered is
close to that of the aquifer, which indicates the accuracy of the model.

Keywords: Steady Condition, Unconfined aquifer, NURBS Basis Function, B-Spline.
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