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3 closed source
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5 Intel math kernel library

6 automatically tuned linear algebra software
7 open basic linear algebra sub-programs
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System CPU RAM (O8] C++ compiler Mathematica

Type Cores
Ubuntu 12.10 .
1 Intel Core2 Duo P8600 2 4GBDDR2 (64 bit Linux) GCC4.6.3 9.0.1 (64 bit)
Ubuntu 12.10
(64 bit Linux)
Ubuntu 12.10 .
(64 bit Linux) GCC4.6.3 9.0.1 (64 bit)

Table 1 — Specifications of hardware systems and software platforms

2 AMD Phenom Quad core 9950 4 4 GB DDR2 GCC4.6.3 9.0.1 (64 hit)

3 Intel Core i7 2700 4+4 8GB DDR3

Voosleds s (53 alpo e fle el o alizs sla s, (2, Aulie — Y Joux

Coefficient matrix dimensions

80x3528 160x%3528 80x13448 160x13448
Optimization =z o D o z o D o
[«5) [«5) [<5) [<5)
performed £ o £ 3 = 3 £ 3
e (5] el (5] - (5] - [«B]
[ o [ o [ o [ o
> (9p] > wn > wn > w
x x (04 04
None 1.50 1.00 2.97 1.00 5.56 1.00 11.03 1.00
]
k= ParallelTable 1.25 1.20 2.94 1.01 5.16 1.08 8.77 1.26
|5
g Compile 0.29 5.11 0.56 5.34 1.08 5.16 2.05 5.39
Compile and 0.30 5.09 0.56 5.32 1.03 5.42 1.99 5.54
ParallelTable
None 0.12 12.32 0.19 14.84 0.34 15.40 0.59 17.90
&
OpenMP 0.07 19.44 0.11 26.21 0.21 25.27 0.33 31.62
Table 2 — Comparison of performance in building coefficient matrix on System 1
Y oo)led i (59 culpo o ple cle jo bz sla by, (2 anlie — ¥ Joox
Coefficient matrix dimensions
80x3528 160x3528 80x13448 160x13448
Optimization © =) © 2 © o w o
performed E —_ - g — ] § — -g E — -g
S < 3 S < o S < o =< 3
>
T & T & T & T &
None 1.45 1.00 2.83 1.00 5.30 1.00 10.57 1.00
(1]
(&)
g ParallelTable 0.55 2.62 0.97 2.92 1.83 2.89 3.49 3.03
(5]
c%- Compile 0.27 5.48 0.50 5.65 0.95 5.60 1.82 5.81
= Compile and
0.28 5.28 0.51 5.54 0.95 5.57 1.82 5.80
ParallelTable
+ None 0.14 10.39 0.21 13.22 0.40 13.36 0.73 14.51
+
© OpenMP 0.05 28.81 0.07 39.64 0.12 4431 0.21 51.12

Table 3 — Comparison of performance in building coefficient matrix on System 2
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Coefficient matrix dimensions
80x3528 160x3528 80x13448 160x13448
Optimization z o D o z o D o
[«b] [«b]
performed £ o £ 3 = 3 E 3
- <5} - <5} - <5} = (48]
[ o [ o [ joR [ o
> [9p] > (9p] > (9p] > (5]
x x X X
None 0.71 1.00 1.38 1.00 2.64 1.00 5.26 1.00
3
= ParallelTable 0.32 2.19 0.46 2.98 0.82 3.22 1.58 3.33
e
2
g Compile 0.14 5.10 0.26 5.38 0.48 5.48 0.91 5.78
Compile and 0.13 5.30 0.25 5.45 0.46 5.71 0.89 5.93
ParallelTable
None 0.07 10.09 0.10 14.16 0.18 14.98 0.27 19.22
&
OpenMP 0.03 27.77 0.03 52.83 0.05 57.61 0.07 72.26

Table 4 — Comparison of performance in building coefficient matrix on System 3
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Coefficient matrix dimensions

80x3528 160x3528 80x13448 160x13448
Implementation used S s g s g =3 g =3
2 3 T § T § T 3
& & & & & & & &
© Pseudolnverse 0.07 1.00 0.16 1.00 0.34 1.00 1.21 1.00
(&)
T
g SingularValueDecomposition 0.10 0.68 0.21 0.76 0.37 0.92 1.28 0.94
=
g
LinearSolve 0.07 0.93 0.13 1.30 0.33 1.03 0.87 1.38
DGESDD (BLAS/LAPACK) 0.14 0.50 0.71 0.23 1.20 0.29 4,01 0.30
DGESDD (ACML) 0.09 0.75 0.25 0.67 0.72 0.48 1.84 0.66
DGESDD
N (OpenBLAS/LAPACK) 0.07 0.97 0.31 0.53 0.75 0.46 2.07 0.58
+
o
DGELSD (BLAS/LAPACK) 0.05 1.36 0.30 0.55 0.58 0.59 197 0.61
DGELSD (ACML) 0.04 1.67 0.11 1.52 0.38 0.89 1.03 1.17
DGELSD
(OpenBLAS/LAPACK) 0.04 1.84 0.14 1.14 0.35 0.99 1.06 1.14
Table 5 — Comparison of performance in solving system of linear equations on System 1
Yoo lads pivw (59, > SYolae oKt > 0 iz sloig, 2, awslio — & Jooo
Coefficient matrix dimensions
80x3528 160x3528 80x13448 160x13448
Implementation used g s g s g s g s
e § = % T % I® %
z & & & & & & &
_g Pseudolnverse 0.21 1.00 0.09 1.00 0.19 1.00 0.66 1.00
5]
£  SingularValueDecomposition 0.07 2.82 0.14 0.62 0.29 0.65 0.90 0.74
=
T
= LinearSolve 0.06 3.71 0.15 0.58 0.33 0.58 0.91 0.72
DGESDD (BLAS/LAPACK) 0.16 1.32 0.63 0.14 0.90 0.21 3.15 0.21
DGESDD (ACML) 0.26 0.79 0.34 0.26 0.66 0.29 1.62 0.41
DGESDD
I (OpenBLAS/LAPACK) 0.12 1.71 0.37 0.24 0.55 0.34 1.57 0.42
© DGELSD (BLAS/LAPACK) 0.08 2.52 0.30 0.30 0.47 0.41 1.48 0.45
DGELSD (ACML) 0.07 3.00 0.16 0.54 0.36 0.53 0.89 0.74
DGELSD
(OpenBLAS/LAPACK) 0.06 3.73 0.18 0.50 0.28 0.69 0.78 0.85

Table 6 — Comparison of performance in solving system of linear equations on System 2
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Coefficient matrix dimensions

80x3528 160x3528 80x13448 160x13448
Implementation used D o D o D o D o
5] = @ > 3 > @ S
= 2 £ ? E ? £ 3
+ [<3] + [<3] + [<3] + [<3]
c o o o c Q c o
> [9p] > w > [9p] > [9p]
x @ @ @
® © Pseudolnverse 0.02 1.00 0.04 1.00 0.05 1.00 0.22 1.00
[&]
2 %<  SingularValueDecomposition 0.03 0.73 0.05 0.80 0.08 0.67 0.30 0.73
= E LinearSolve 0.03 0.71 0.05 0.74 0.11 0.51 0.26 0.83
DGESDD (BLAS/LAPACK) 0.06 0.32 0.20 0.19 0.28 0.19 1.14 0.19
DGESDD (ACML) 0.05 0.40 0.13 0.29 0.24 0.23 0.69 0.32
DGESDD
i (OpenBLAS/LAPACK) 0.04 0.54 0.07 0.51 0.12 0.46 0.51 0.42
o DGELSD (BLAS/LAPACK) 0.02 0.86 0.08 0.49 0.12 0.45 0.51 0.42
DGELSD (ACML) 0.02 0.91 0.06 0.66 0.12 0.45 0.35 0.62
DGELSD
(OpenBLAS/LAPACK) 0.01 2.13 0.02 1.55 0.04 1.35 0.22 1.00
Table 7 — Comparison of performance in solving system of linear equations on System 3
e, sl (atld ca ) o)l s (59 Blise slahy, 5l ol lhas alia — A Jgor
Coefficient matrix dimensions
. Exact
Implementation used :
solution
80x3528 160x3528 80x13448 160x13448
#1 8.7418E-06 9.4599E-06 5.2358E-06 3.7430E-06
< Pseudolnverse
RS} #2 8.7418E-06 9.4599E-06 5.2358E-06 3.7430E-06
g . . #1 1.0026E-08 1.0132E-08 9.1609E-09 9.2263E-09
S SingularValueDecomposition
< #2 1.0026E-08 1.0132E-08 9.1609E-09 9.2263E-09
5+
= . #1 1.0028E-08 1.0125E-08 9.4706E-09 9.2283E-09
LinearSolve
#2 1.0028E-08 1.0125E-08 9.4706E-09 9.2283E-09
#1 2.6508E-11 2.2198E-11 2.6123E-11 2.2272E-11
DGESDD (BLAS/LAPACK)
#2 1.0041E-08 1.0133E-08 9.1849E-09 9.2362E-09
#1 2.5897E-11 2.1661E-11 2.8791E-11 2.2790E-11
DGESDD (ACML)
#2 1.0042E-08 1.0134E-08 9.3201E-09 9.4802E-09
#1 2.5860E-11 2.1907E-11 2.7674E-11 2.2449E-11
DGESDD (OpenBLAS/LAPACK)
1 #2 1.0037E-08 1.0141E-08 9.1429E-09 9.3075E-09
o #1 2.5914E-11 2.1634E-11 2.5422E-11 2.1493E-11
DGELSD (BLAS/LAPACK)
#2 1.0032E-08 1.0132E-08 9.2808E-09 9.2479E-09
#1 1.9893E-06 2.1943E-11 2.7645E-11 2.1554E-11
DGELSD (ACML)
#2 1.0492E-08 1.0136E-08 9.2543E-09 9.2669E-09
#1 2.5967E-11 2.1703E-11 2.5816E-11 2.1467E-11
DGELSD (OpenBLAS/LAPACK)
#2 1.0042E-08 1.0135E-08 9.1588E-09 9.2264E-09

Table 8 — Comparison of error of different methods in e, normon System 1
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L,

Coefficient matrix dimensions

. Exact
Implementation used .
solution
80%3528 160%3528 80%13448 160x%13448
#1 9.3644E-06 3.1388E-06 1.4709E-06 2.6977E-06
Pseudolnverse
#2 1.6122E-05 4.6128E-06 1.0943E-05 4.5888E-06
8
= #1 2.6029E-11 2.1639E-11 2.5943E-11 2.1350E-11
g SingularValueDecomposition
=
g #2 1.0036E-08 1.0129E-08 9.1396E-09 9.2346E-09
#1 1.5682E-09 1.2997E-09 1.5449E-09 1.2803E-09
LinearSolve
#2 1.0027E-08 1.0130E-08 9.1440E-09 9.2355E-09
#1 2.6508E-11 2.2198E-11 2.6123E-11 2.2272E-11
DGESDD (BLAS/LAPACK)
#2 1.0041E-08 1.0133E-08 9.1849E-09 9.2362E-09
#1 2.6005E-11 2.1584E-11 2.9833E-11 2.3098E-11
DGESDD (ACML)
#2 1.0037E-08 1.0145E-08 9.3374E-09 9.4874E-09
#1 2.5864E-11 2.1627E-11 2.7638E-11 2.2855E-11
DGESDD (OpenBLAS/LAPACK)
#2 1.0041E-08 1.0140E-08 9.1429E-09 9.2595E-09
5
#1 2.5914E-11 2.1634E-11 2.5422E-11 2.1493E-11
DGELSD (BLAS/LAPACK)
#2 1.0032E-08 1.0132E-08 9.2808E-09 9.2479E-09
#1 2.7068E-11 2.1746E-11 2.8820E-11 2.9326E-05
DGELSD (ACML)
#2 1.0030E-08 1.0141E-08 9.2691E-09 1.5610E-06
#1 2.5995E-11 2.1582E-11 2.5714E-11 2.1627E-11
DGELSD (OpenBLAS/LAPACK)
#2 1.0037E-08 1.0131E-08 9.1848E-09 1.0420E-08

Table 9 — Comparison of error of different methods in e, normon System 2
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L,

Coefficient matrix dimensions

. Exact
Implementation used solution
80x3528 160x3528 80x%13448 160x13448
#1 3.8229E-06 3.1323E-06 2.4107E-06 1.3534E-06
Pseudolnverse
#2 6.6210E-06 9.8172E-06 1.7858E-06 4.9967E-06
8
= #1 2.5791E-11 2.1571E-11 2.6685E-11 2.1674E-11
g SingularVValueDecomposition
=
cE‘Ts' #2 1.0025E-08 1.0130E-08 9.1620E-09 9.2261E-09
#1 1.5682E-09 1.2997E-09 1.5448E-09 1.2803E-09
LinearSolve
#2 1.0028E-08 1.0143E-08 1.0181E-08 9.5210E-09
#1 2.6537E-11 2.2178E-11 2.6193E-11 2.2258E-11
DGESDD (BLAS/LAPACK)
#2 1.0033E-08 1.0131E-08 9.1655E-09 9.2354E-09
#1 2.5947E-11 2.1565E-11 2.9739E-11 2.3198E-11
DGESDD (ACML)
#2 1.0044E-08 1.0131E-08 9.2597E-09 9.4483E-09
#1 2.5967E-11 2.1871E-11 2.7667E-11 2.3056E-11
DGESDD (OpenBLAS/LAPACK)
#2 1.0029E-08 1.0135E-08 9.1750E-09 9.3717E-09
5
#1 2.6033E-11 2.1752E-11 2.5609E-11 2.1621E-11
DGELSD (BLAS/LAPACK)
#2 1.0029E-08 1.0135E-08 9.2572E-09 9.2365E-09
#1 2.6291E-11 2.2513E-11 2.8719E-11 2.1403E-11
DGELSD (ACML)
#2 1.0029E-08 1.0360E-08 9.2212E-09 1.0186E-08
#1 2.5802E-11 2.3983E-11 2.5663E-11 2.2824E-11
DGELSD (OpenBLAS/LAPACK)
#2 1.0024E-08 1.0129E-08 9.1903E-09 9.2625E-09

Table 10 — Comparison of error of different methods in e, norm on System 3
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Abstract:

Despite the success and versatility of mesh based methods --finite element method in particular- there has
been a growing demand in last decades towards the development and adoption of methods which can
eliminate using the mesh, i.e. the so called meshless or mesh-free methods. Difficulties in the generation of
high quality meshes, in terms of computational cost, technical problems such as serial nature of the mesh
generation process and the urge of parallel processing for today’s huge problems have been the main
motivation for the implementation of new researches. Apart from these, the human required expertise can
never be completely omitted from the analysis process. However, the problem is much more pronounced in
3D problems. To this end, many meshless methods have been developed in recent years among which SPH,
EFG, MLPG, RKPM, FPM and RBF-based methods could be named. The exponential basis functions
method (EBF) is one of these methods which has been successfully employed in various engineering
problems, ranging from heat transfer and various plate theories to classical and non-local elasticity and fluid
dynamics. The method uses a linear combination of exponential basis functions to approximate the field
variables. It is shown that these functions have very good approximation capabilities and their application
guarantees a high convergence rate. These exponential bases are chosen such that they satisfy the
homogenous form of the differential equation. This leads to an algebraic characteristic equation in terms of
exponents of basic functions. From this point of view, this method may be categorized as an extension to the
well-known Trefftz family of methods. These methods rely on a set of the so called T-complete bases for
their approximation of the field variables. These bases should satisfy the homogenous form of the governing
equation. They have been used with various degrees of success in a wide range of problems. The main
drawback of these methods —however- lies in the determination of the basis, which should be found for every
problem. This problem has been reduced to the solution of the algebraic characteristic equation in the
exponential basis functions method. The method is readily applicable to linear, constant coefficient
operators, and has been recently extended to more general cases of linear and also non-linear problems with
variable coefficients. The relative performance of usual programming languages such as C++ in comparison
with mathematical software packages -like Mathematica and/or Matlab- is one of the major questions when
using such packages to develop new numerical methods. This can affect the interpretation of the
performance of newly developed methods compared to established ones. In this paper, the implementation of
the exponential basis functions method on various software platforms has been discussed. C++ and
Mathematica programming have been examined as a representative of different software platforms. The
exponential basis function method is implemented in each platform, using various options available. Results
show that with a proper implementation, the numerical error of the method can be decreased considerably.
Regarding the results of this research, optimal implementations of C++ and Mathematica platforms, error
ratio is between 2.5 and 6, respectively.

Keywords: Exponential basis function method (EBF), Pseudo-Inverse, Singular value decomposition
(SVD), Partial differential equations (PDE), Optimal implementation

231



